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In this revision an attempt has been made to present in 
their unity the three methods commonly used in the Calculus. 
The concept of Rates is essential to a statement of the prob- 
lems of the Calculus ; the principles of Limits make possible 
general solutions of these problems, and the laws of Infini- 
tesimals greatly abridge these solutions. 

The Method of Rates, generalized and simplified, does not 
involve "the foreign element of time." For in measuring 
and comparing the rates of variables, the rate of any variable 
may be selected as the unit of rates, dy/dx is the aj-rate of y, 
or the ratio of the rate of y to that of x, according as the rate 
of X is or is not the unit of rates. 

The proofs of the principles of differentiation by the 
Method of Rates, and the numerous applications to geometry, 
mechanics, etc., found in Chapter II, render familiar the 
problem of rates before its solution by the Method of Limits 
or Infinitesimals is introduced. 

In Chapter III, by proving that \t {p^y / ^x) •= dy / dx, the 
problem of rates is reduced to the problem of finding the 
limit of the ratio of infinitesimals. 

The Theory of Infinitesimals is that part of the Theory of 
Limits which treats of variables having zero as their common 
limit. In approaching its limit an infinitesimal passes 
through a series of finitely small values before it reaches 
infinitely small values. Infinitesimals can be divided into 
orders, and their laws can be established and applied when 
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they are finitely small as well as when they are infinitely 
small. Hence, in the study of infinitesimals it is not neces- 
sary to determine that indefinite boundary between the finitely 
small and the infinitely small. Any small quantity becomes 
an infinitesimal when it begins to approach zero as its limit, 
not when it reaches any particular degree of smallness. A 
quantity, however small, which does not approach zero as its 
limit is not an infinitesimal. If it is recognized that the 
essence of infinitesimals lies in their having zero as their limit, 
rather than in their smallness, the study of them ceases to be 
mystical, obscure, and difl&cult. 

Again, the concept of a limit as a constant whose value the 
variable never attains removes the necessity of studying the 
anatomy of Bishop Berkeley's "ghosts of departed quanti- 
ties." Infinitesimals never equal zero and should not be 
denoted by the zero symbol. This distinction between infini- 
tesimals and zero involves that between infinites and a/0. 

The much-abused form 0/0 cannot arise in the Calculus or 
elsewhere from any principle of limits ; a distinctive service 
of the Theory of Limits is that it enables us to evaluate any 
determinate expression when it assumes this or any other 
indeterminate form. 

Those who prefer to study the Calculus by the Method of 
Limits or Infinitesimals alone can omit the few demonstra- 
tions in Chapter II, which involve rates, and substitute for 
them the proofs by limits or infinitesimals in Chapter III. 

To meet an increasing demand for a short course in differ- 
ential equations, a chapter has been devoted to that subject. 

A table of integrals arranged for convenience of reference 
is appended. 

Throughout the work, as in previous editions, there are 
numerous practical problems from mechanics and other 
branches of applied mathematics which serve to exhibit the 
usefulness of the science, and to arouse and keep alive the 
interest of the student. 



PREFACE. V 

At the option of the teacher or reader, Chapters I and II 
of the Integral Calculus can be read after completing Chapters 
I and II of the Differential Calculus ; also many of the 
numerous examples and problems may be omitted. 

The author takes this opportunity of expressing his grati- 
tude to the friends who by encouragement and suggestions 
have aided him in this revision. 

James M. Taylor. 
Hamilton, N. Y., 1898. 



CONTENTS. 



•oo}«;<xv- 



PART I. — DIFFERENTIAL CALCULUS. 



Chapter I. 



Functions. Bates. Differentials. 

Sections , Pages 

1-5. Classification of variables and functions 1, 2 

6-8. Notation of functions. Continuity. Increments . . . 3-6 

9, 10. Uniform change. Measure of rates 6, 7 

11. Differentials 8 

12,13. (22//(2x, a rate or a ratio of rates 9 

14. Definition of the DifEerential Calculus 10 

Chapter II. 

Differentiation. Applications. 

15-28. Differentiation of algebraic, logarithmic, ^and exponential 

functions 11-20 

29, 30. Derivatives. Velocity 21-23 

31-33. Tangent, dy/cte = slope 24 

34, 35. Equations of tangents and normals 25 

36. Values of subt., subn., tan., and norm 26-29 

37-44. DifEerentiation of sinw, cosie, etc 30-32 

45-52. Differentiation of sin- ^w, cos- ^le, etc 33-37 

Miscellaneous ex.«mples 38, 39 



viii CONTENTS. 

Chapter III. 

Problem of Bates Solved by Ldmits. 

Sections Pages 

53-55. Limits. Notation. Lt {Ay /Ax) = dy/dx 40-42 

56,57. Lt (Ay /Ax), how found. Derivative as a limit . ... 43 

58-60. Lifinitesimals. Infinites. Lt (Ay /Ax) = slope ... 43, 44 

61,62. Theorems concerning limits 45 

63. Subt., subn., tan., and norm., in polar curves . . . . 46,47 

64-66. Orders of infinitesimals. Notation 48, 49 

67-70. Theorems concerning infinitesimals 50 

71. Rule for differentiating a function 51-53 

72,73. Orders of infinites. oon.o = 54 

74. The symbol ap 56 

75, 76. Use of infinitesimals. Limits in position 56 



Chapter IV. 



Successive Differentiation. 



77. Successive differentials 57 

78-80. Successive derivatives 58-61 

81,82. Leibnitz's theorem. Acceleration 62-64 



Chapter V. 

Indeterminate Forms. 

83. Value of a function of x for x = a 66 

84. Indeterminate form 0/0 66 

85. Indeterminate form ap/ap 67 

86. Indeterminate forms • cp, ap — ap 68 

87. Indeterminate forms 00, fl^o, l=*=fl5P 69 

88. Evaluation of derivatives of implicit functions .... 70 



CONTENTS. ix 

Chapter VL 

Expansion of Functions. 

Sections Pages 

89, 90. Series. Expansion of a function 71 

91-93. Taylor's and Maclaurin's tlieorems 72-74 

94. Expansions of sin X and cos X 75 

96, 96. Tlie exponential series. Second form of Ur • . • 76 

97. The logarithmic series 77 

98. The binomial theorem 78 

99. Failure of Taylor's and Maclaurin's theorems . . . 79-81 



Chapter VII. 

Maxima and Minima. 

100. Definitions of maximum and minimum 82 

101-104. Theorems concerning maxima and minima of /x . . 82, 83 

106-107. Methods of examining /x for critical values of X . . 84,87 

Problems in maxima and minima 88-92 



Chapter VIII. 

Points of Inflexion. Curvature. Evolutes. 

108-110. Points of mflexion 93, 94 

111-113. Curvature 95 

114. Circle of curvature 96 

116. R in terms of x and y 96, 97 

116. R in terms of p and d 98 

117. Co-ordinates of centre of curvature 98 

118, 119. Properties of evolutes and involutes 99 

120. Equations of evolutes 100-102 



X CONTENTS. 

Chapter IX. 

Bnvelopes. Order of Contact. Osculatinfir Curves. 

Sections Pages 

121-123. Family of curves. Envelopes 103, 104 

124. Equations of envelopes 104-106 

126. Different orders of contact 107 

126. Conditions of contact of the kth order 108 

127-130. Osculating curves v . . . 100-111 

Chapter X. 

Chanfire of the Independent Variable. 

131,132. Change of the independent variable 112-114 

Chapter XI. 
Functions of Two or More Variables. 

133. Partial differentials and derivatives 115 

134,135. Total differentials 116 

136. Derivative of an implicit function 117 

137, 138. Derivative of a function of a function 118 

139, 140. Successive partial differentials and derivatives . . 119-121 

141. Successive total differentials 122 

142. Expansion of/ (x 4- ^, y 4- A;) 122,123 

143,144. Maxima and minima of/ (x, 2^) 123-126 

Chapter Xn. 
Assnnptotes. Slnfirular Points. Curve Tracinfir. 

145-148. Asymptotes to curves. Rectangular axes .... 127-131 

149. Asymptotes to polar curves 132 

150-153. Multiple points. Conjugate points 133-136 

154, 155. Symmetry. Curve tracing 137-142 



CONTENTS. xi 



PART n. — INTEGRAL CALCULUS. 



Chapter L 



Standard Forms. Direct Intefirration. 
Sections Pages 

156-158. General integrals. Elementary principles .... 143, 144 
159-163. Standard formulas. ' Direct integration .... 145-157 

Chapter IL 
Definite Intefirrals. Applications. 

164, 165. Definite and corrected integrals 158-160 

166. Geometric meanings of I (x) dx, I (x) dx, 

SJid Ci>{x)dx ? 161,162 

167, 168. Accelerated motion. Change of limits .... 163-166 

Chapter III. 

Intefirration of Rational Fractions. 

169-173. Decomposition and integration of fractions . . . 167-173 

Chapter IV. 
Intefirration by Rationalization. 

174. Rationalization by substitution 174 

175. Differentials involving (a 4- 6x)»«/»» 174,175 

176, 177. Differentials involving V± x^ + ax + b • • • • 176, 177 

178. Differentials of the form x« (a + &x»)'''»£fa; . . . 178-180 

Chapter V. 
Intefirration by Parts. Reduction Formxilas. 

179, 180. Integration by parts. Standard formulas . . . 181-184 
181-183. Reduction formulas for jx»» (a 4-6 x»»)Pcte . . . 185-189 



xii CONTENTS. 

Chapter VI. 

Integrration of TrlGTonometric Forms. 

Sections Pages 

184-186. Forms, | tan» u du, j sec*» u du, j tan"» u sec*» u du . 190, 191 

187-191. Form, Csin^ucos^udu 192-197 

192. Fonns, f-j^^ f-zf^ 198 

J a+hco6u J a+0 8mu 

193. Integration of trigonometric forms by substitution. 199, 200 

194. Te"* sin 6x dx 201 

196. Integration by series 201, 202 

Chapter VII. 

Lengrths and Areas of Curves. Surfaces and Volumes of Solids 

of Revolution. 

196-200. LengthE of curves. Catenary. Tractrix .... 203-207 

201,202. Areas bounded by curves 208-210 

203, 204. Surfaces and volumes of solids of revolution . . . 211-214 

205. Volumes generated by plane figures 215, 216 

Chapter VIII. 
Double and Triple Integrration. Applications. 

206. Double and triple integration 217, 218 

207, 208. Areas by double integration 219, 220 

209. Surfaces by double integration 221, 222 

210. Volumes of any solids by triple integration . . . 223, 224 

211. Volumes of solids of revolution 225 

212, 213. General formulas for centre of mass 226 

214. Centre of mass of areas 227 

215. Centre of mass of curves 228-230 

216. Moment of inertia 231 



CONTENTS. xiii 

Chapter IX. 

Definite Integrral as a Liinit. Intrinsic Equations of Curves. 

Sections Pages 

217. Definite integral as a limit 232, 233 

218-220. Intrinsic equations of curves 234-236 

Chapter X. 
Differential Equations. 

221-223. Differential equations. General solutions . . . 237 

224. Form, <pixdx + <f>2ydy = 238, 239 

225. Homogeneous equations 240 

226. Non-liomogeneous equations, linear in x and y . . 241, 242 

227. Exact differential equations 243, 244 

228. Integrating factor 245 

229, 230. Rules for finding the integrating factor .... 246-248 

231. Linear equations of the first order 249 

232. Equations reducible to the linear form 250 

233. Equations of the first order and nth degree . . . 251 

234. Equations of orders above the first 252-257 

APPENDIX. 

Table of integrals 259-269 



ELEMENTS OF THE CALCULUS. 



-«>o»>oo- 



PART I. DIFFERENTIAL CALCULUS. 



CHAPTER I. 
FUNCTIONS. BATES. DIFFEBENTIALS. 

1. A variable is a quantity which is, or is supposed to be, 
continually changing in value. Variable numbers are usually 
represented by the final letters of the alphabet, as aj, y, «. 

A constant is a quantity whose value is, or is supposed to 
be, fixed or invariable. Constant numbers may be individual 
or general. Individual constants are represented by figures ; 
general constants are usually represented by the first letters 
of the alphabet. 

For example, in the equation of the circle (x — 3)2 + {y — 4)2 = r^, 3 
and 4 are individual constants fixing the centre ; r is a general constant 
denoting any radius ; z and y are variables denoting the coordinates of 
the moving point which traces the circle. 

2. Classification of variables. A variable whose value 
depends upon one or more other variables is called a depend- 
ent variable, or a function of those variables. A variable which 
does not depend upon any other variable is called an inde- 
pendent variable. 

For example, x^ — b^, sin x, and log (x — a) are functions of the inde- 
pendent variable x. Again, x' + 3xy + y^^ log (x^ — y^), and a^+v are 
functions of the two variables x and y. 
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3. Classification of functions. An algebraic function is 
one which without the use of infinite series can be expressed 
by the operations of addition, subtraction, multiplication, 
division, and the operations denoted by constant exponents. 
All functions which are not algebraic are called transcendental. 
Of these, the more common are : 

The exponential function y = a'^ \ and its inverse, the loga- 
rithmic function x = log^y. 

The trigonometric functions y = sin x, y = cos a;, etc. ; and 
the inverse-trigonometric functions x = sin~^y, x = cos~^y, etc. 

4. Explicit and implicit functions. When an equation 
involving two or more variables is solved for any one of 
them, this one is said to be an explicit function of the others. 
When an equation is not so solved, any one of its variables is 
called an implicit function of the others. 

For example, in x^ + y^ = r^, eith er y or x is an implicit function of 
the othe r; whil e in y = ± Vr^ — x^, y is an explicit function of x, and in 
X = ± Vr^ — y^, X is an explicit function of y. 

A function is said to be one-valued, two- valued, or ?i-valued 
according as for each value of its variable it has one value, 
two values, or n values. 

For example, y is a one-valued function in y = x^, a two-valued func- 
tion in y2 = 4px, and a three-valued function in y^ + xy + x^ = 1. 

5. Increasing and decreasing functions. An increasing 
function is one which increases when its variable increases. 
Hence, it decreases when its variable decreases. 

A decreasing function is one which decreases when its 
variable increases. Hence, it increases when its variable 
decreases. 

For example, 5 x and log x are increasing functions of x, while — 6 x 
and 1/x are decreasing functions of x. 



NOTATION OF FUNCTIONS. 3 

6. Notation of functions. The symbols/(a;), /'(a;), i^(aj), 
<!> (x), and the like are used to denote different functions of x. 
Likewise, /(a;, y), <^ (a;, y) denote different functions of x and y. 

The equation y = f(x) expresses that y is an explicit func- 
tion of X ; while f(x, y) = expresses that either y or a; is an 
implicit function of the other. 

In the same problem or discussion the symbol /( ) denotes 
the same function of one enclosed quantity as of another. 

For example, if f(x) = x2 + 2 x 4- 3 ; 

then in the same problem or discussion 

and f(x + y) = (x -^ vY + 2(x + y) + 3. 

Also, /(2), /(I), and /(O) denote respectively the values of f(x) for 
« = 2, X = 1, and x = 0. 

EXAMPLES. 

1. /(x) = 5 x2 - 3 X + 2 ; find f(y), f(x + h), /(3), /(O), /(- 2). 

2. fid) =0082 6; find/(x),/{2/),/{0),/(7r/2),/(;r). 

3. f(z) = 2z^ — z^ + I, md <p(z) = 7 z^ — 6z + 1; showthat 

/(O)S0(O),/(l) = 0(l),/(-2) = 0(-2). 

4. f(x) = (a + X)- ; find/(2), f(h - a), /(O), /(2). 

5. F(x) = e«= — e-«; show that F{3x) = [F(x)]8 + 3F(x). 

6. /{x) = logi^; show that /(x)+/(2/)=/(f:±J)- 

7. f(x + y) = a' + v; find /(x), /(«), /(m + n). 

8. /(x, y) = x8 + 5 xy2 + 3 2/8 ; find f(m, n), /(2, - 3). 

Of the following functions, which are increasing and which are decreas- 
ing functions of x ? 

9. 2^. 10. tanx. 11. —x\ 12. - 1/x. 



4 DIFFERENTIAL CALCULUS. 

7. A continuous variable is a variable which in passing 
from one value to another passes successively through all 
intermediate values. 

A function f{x) is said to be continuous between x = a and 
x=^h,ii when x changes continuously from a to hj f(x) varies 
continuously from f(a) to f(b). In other words, /(a;) is con- 
tinuous between x = a and x = b when the locus of y =f(x) 
between the points [«,/(»)] and [^, /(^)] is an unbroken 
curve. Some functions are continuous for all values of 
their variables ; others are continuous only between cer- 
tain limits. 

For example, the time since any past event varies continuously. The 
velocity acquired by a falling body and the distance fallen are continuous 
functions of the time of falling. Most quantities in nature are continuous 
variables. Sin 6 and cos 6 are continuous functions of 6 for all values of 6. 
Tan ^ is a continuous function of 6 between ^ = and 6= 7C/2, also 
between = 7t/2 and 6 = S7t/2; but when 6 passes through 7t/2 or 
3 ;r/2, tan 6 leaps from + » to — » j hence, tan 6 is discontinuous for 
e= Tt/2 or3;r/2. 

In x2 + 2/2 = r2, y is a real and continuous function of x between 
X = -- r and x = r. In a^y^ — 6%2 = _ ^^252^ y is a real and continuous 
function of x between x = — » and x = — a, and between x = a and 
X = 30 . Between x = — a and x = a, ?/ is imaginary but continuous. 

The Calculus treats of continuous variables only, or of 
variables between their limits of continuity. 

8. Increments. The amount of any change (increase or 
decrease) in the value of a variable is called an increment 
If a variable is increasing, its increment is positive; if it is 
decreasing, its increment is fiegative. 

An increment of a variable is denoted by writing the letter 
A before it ; thus Ax, Ay, and A(aj') denote the increments of 
Xj y, and x*, respectively. 

If y =f(x), Ax and Ay denote corresponding increments of 
X and y, and Ay = Af(x), 
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Let FH be the locus of y=f(x) referred to the rectangular axes OX 
and OF. 

If when X = OA, Ax =^AB, 
then ^y = BP'-AP = ER ; 

if when x = OC, Ax = CF, 
Ay = FH- CD=-ND. 

In the last case Ay is negative, 
but it is properly called an incre- 
ment, since it is what must be added 
to the first value CD to produce the 
second FH, 

When x= OA = x', y = AP = y' ; 

when X = OB = x' 4- Ax, y = BP" = y' 4- Ay ; 

that is, x' 4- Ax and y' 4- Ay are corresponding values of x and y. 
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EXAMPLES. 

1. The ratio of A (ox 4- 6) to Ax is the constant a. 

Let • y = ox 4- 6. (1) 

Let xf and y' denote any corresponding values of x and y ; 
then y' = ox' 4- 6. (2) 

When X = x' 4- Ax, y = y' 4- Ay ; hence, from (1) we have 

y'4-Ay = a(x'4- Ax)4-6. (3) 

Subtracting (2) from (3), we obtain 

Ay = aAx, or A (ox 4- 6) = aAx. (4) 

2. The ratio of A (x^) to Ax is the variable 2 x 4- Ax. 

When X = x', we find by the method above 

A (x2) = (2 X' 4- Ax) Ax. 
Hence, as x^ is any value of x, we have in general 

A(x2)=(2x4- Ax)Ax. 

3. Provethat Ar(2c)=/(x + Ax)-/(x). 

4. Find A (0x2 4- ex); ^(xS); A(ax8 4-6x); A(cx*); A(cx* — 6x2). 

When f(x) = ax2 4- ex, /(x 4- Ax) = a (x 4- Ax)2 4- e (x 4- Ax); 
.'. A(ax2 4- ex) = a (x 4- Ax)2 4- e (x + Ax) — (ax2 + ex) 
= (2 ox 4- aAx 4- c) Ax, 
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9. Uniform and non-uniform change. When the ratio of 
the corresponding increments of two variables is constant^ 
either variable is said to change uniformly with respect to 
the other. 

From example 1 of § 8 it follows that any linear function 
of X changes uniformly with respect to x. 

The area of a rectangle having a constant altitude and a variable base 
changes uniformly with respect to the base ; so also does the circumfer- 
ence of a circle with respect to its radius. 

Again, y changes uniformly with respect to x when the point (x, y) 
moves along any right line y = ax + K 

When the ratio of the corresponding increments of two 
variables is variMe^ either variable is said to change non- 
uniformly with respect to the other. 

From example 2 of § 8, x^ changes non-uniformly with respect to x, 

or the area of a square changes non-uniformly with respect to a side. 

# 
Any non-linear function of x changes non-uniformly with 

respect to x. For evidently y changes non-uniformly with 

respect to x when the point (a;, y) moves along any curve. 

10. Measure of rate. The rate of a variable is the rapid- 
ity of its change. Different variables have different rates, or 
change at different degrees of rapidity ; and in general the 
same variable passes through different values at different 
rates. 

To measure the rates of variables, we fix upon some unit ; 
that is, we select the rate of some variable as a unit of rates. 
For convenience, the rate of some increasing variable is always 
chosen as a unit of rates. If the rate of x is assumed as the 
unit of rates, we have the following definitions ; 

I. If a variable y changes uniformly with respect to x, the 
measure of the rate of y is the increment of y corresponding 
to a unit-increment of x. 



MEASURE OF RATE. 



r changes 11 



By § 0, ox + & changes uniformly with respect to x ; 
by § 8 A(ax +6) = oAa = a, when is = 1. 

Hence, oa + 6 changes uiiitormly at the rate of a to 1 of a. 

Thus, 4 X 
formly at tli 
x; and — 83; + 9 chang 
formly at the rate of — 
ofasjthatiB, — 8x + 0d( 
at the rate of 8 to 1 of x. 

Again, if AD is constant, and 
^Sisincreaaing, and SJlf equals 
a unit of the ba^, the rectangle ABCD increases uniformly at the rate at 
BUNC to a unit of the base. 
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II. If a variable changes non-uniformly with respect to x, 
the measure of its rate is what its increment corresponding to 
a unit-increment of x would he if at the value considered its 
change became uniform with respect to x. 



angle ^ as gen- 



Conceive a variable right triangle with the 
erated by the perpendicular moving to 
the right. The rate of the area of the 
triangle at the value ABC ie evidently 
equal to the rate of the area of the 
rectangle BCOH. Hence, if BH^ equals 
a unit of the base, the rate of the area 
of the triangle at the value ABC is 
BBOC to a unit of the base. Now, 
evidently, BHOG is vthat mould 
increment of the area 
to the increment BU, if at the value 
ABC the change of the area became 
uniform with respect to the base. 

Suppose BC = 2AB, and let x and 2 x denote the number of u 
the base and perpendicular, respectively ; 




Hence, x'' chang 

When x = 2, i.e 

rate of 4 to 1 of i. 



IB at the rate of 2 1 to 1 otx. 

when X passes through the value 2, x* changes at tlie 

When x = S, X* changes at the rate of 16 to 1 of x. 
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When the rate of x is the unit of rates, the measure of the 
rate of a variable is called its x-rate. 

The rate of a variable will be positive or negative according 
as the variable is increasing or decreasing ; and conversely. 

11. Differentials. The differentials of variables which 
change uniformly with respect to the same variable are their 
corresponding increments. 

The differentials of variables which change non-unifprmly 
are what would he their corresponding increments if at the 
corresponding values considered the change of each became 
and continued uniform with respect to the same variable. 
Hence the differential of a variable will be positive or negative 
according as the variable is increasing or decreasing. 

The differential of a variable is denoted by writing the 
letter d before it ; thus, dx read "differential a?" is the symbol 
for the differential of x. When the symbol of a function 
is not a single letter parentheses are used ; thus, d (x^ and 
d(x^ — 2 x) denote the differentials of a;' and a:^ — 2x, respec- 
tively. 

In the first figure of § 10, 

if Be = d (base), BegC = d (rectangle); 

]i Bf= d (base), BfhC = d (rectangle). 

In the second figure of § 10, 

if Be = d (base), BegC = d (triangle) ; 

if Bf=d (base) = dx, BfhC = d (triangle) = d (x^). 

. d^ ^ ^^^ = BC = 2x = the z-rate of x^, § 10 

dx Bf » jj 

which is a particular case of the next theorem. 

12. dy/dx, a rate or a ratio of rates. 

I. When the rate ofxis the unit of rates. 

In this case dx is positive. Let n be so chosen that ndx 
will equal the unit of x ; then ndy will denote what would be 
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the increment of y corresponding to the unit increment ndx, 
if at the value considered the change of y became uniform 
with respect to x ; hence, 

ndy = the aerate oi y, § 10 

.'. -7^ = —^ = ndy = the cc-rate of y. 

UX TLCLX 

That is, the differential of one variable divided by that of 
another whose rate is the unit of rates equals the rate of the 
first variable. 

II. When the rate ofxis not the unit of rates. 

Let the rate of v be the unit of rates ; then 

dy __ dy/dv _ the v-rate of y 

dx dx/dv the v-rate of a; ^ ^ 

That is, the ratio of the differentials of any two variables equals 

the ratio of their rates. 

In this case dx may be either positive or negative. 

Cor. 1. If y =f(x), y is an increasing or a decreasing func- 
tion of X according as dy / dx is positive or negative. 

In practical affairs and physical science the more common unit of rates 
is the rate of time. Thus, we speak of a distance as increasing at the 
rate of 20 miles an hour, meaning thereby that if at the value considered 
the change of this distance became uniform with respect to time, its incre- 
ment in an hour would he 20 miles. 

Cor. 2. If t denotes a portion of time, 

dy /dt = the time-rate of y. 

13. The meanings of Ay, dy, and the ar-rate of y should 
be carefully considered. Ay denotes the actual increment of y 
corresponding to Aa;. dy denotes what the increment of y 
corresponding to the increment dx would be, if at the value 
considered the change of y became uniform with respect to x. 

Hence, dy = Ay only when y changes uniformly with respect 
to X and dx = Aa;. 
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The aerate of y, which equals dy / dx, is what the incre- 
ment of y corresponding to a unit-increment of x would be if 
at the value considered the change of y became uniform with 
respect to x. When the rate of x is not the unit of rates 
dy I dx means simply the ratio of the rate of y to that of x, 

14. The problem of the Differential Calculus is to measure 
and compare the rates of change of continuous variables when 
the relation of the variables is known or given. 

The inverse problem of finding the relation of the variables 
themselves when their relative rates are known is the 'problem 
of the Integral Calculus. 

EXAMPLES. 

1. For what values of x is a/(c — x) real and continuous? o/x? 
cota? secz? csca? Va^ — x'^ ? Vx^ — a^ ? logx? 

2. With respect to w, does au change uniformly or non-unif ormly ? 
au-\- c*^ au^ ? log w ? sin it ? tan w ? 

3. What is the tj-rate of av ? av + 6 ? ©2 p ^a -|- ^u ? ^2 + ^^ -|- ^ ? 

4 ^/^w^nl. showthat ■/- W-/(^) ^ e-^ . 

4. /(^) _ ^ _^ ^ , Show that ^ _^^^^j ^^^^ -1 + 0X 

5. /(x, y) = sm (X + y) + tan {x/y) ; find f(A, B), /($, <f>). 

6. F{x, y) = €F — ery) shdw that 

F(3x, 32/) = [F(x, 2/)]8 + Se^e-y^Cx, y). 



CHAPTER II. 

DIFFESENTIATIOK. APFUGATIOKS. 

15. Differentiation is the operation of finding the differen- 
tial of a function. The sign of differentiation is the letter d ; 
thus d in the expression d(ar^ indicates the operation of dif- 
ferentiating oc^, while the whole expression d(x*) denotes the 
differential of x^. 

In the following formulas^ u, y, v, w, and z denote different 
functions of x. The rate of x will be used as the unit of 
rates. 

16. Ifu = y, du = dy. [1] 

That is, the differentials of equals are equal. 

For if u continually equals y, it is self-evident that u and y 
must change at equal rates ; that is, 

du / dx = dy / dx; ,', du = dy. 
For example, ify^ = 4ax,d (y^) = d(4 ax). 

17. d(a) = o. [2] 

That is, the differential of a constant is zero. 

For the rate of any constant a is zero ; that is, 

da/dx = 0'y .'.da = 0. 

18. d(u -h y -h • • • + z + a) = du -h dy H -h dz. [3] 

That is, the differential of a polynomial is the sum of the 
differentials of its terms. 
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For it is self-evident that the rate of the sum w -f- y + • • • 
+ « -f- a is equal to the sum of the rates of its parts u,y,'- •, «, 
and a ; that is^ 

d(u-^ y -\- ' * ' -\- z -\- a) du dy dz da 
— ii 11 i. ^ 1 ii -p. • • • -|- y. __. 

dx dx dx dx dx 

Multiplying by dx, since da = 0, we obtain [3]. 

For example, d(.3x2 - 4x2 - 2) = d(3x2) + d(- 4x2) + d(- 2). 

19. d(au) = adu. [4] 

That is, the differential of the prodiict of a constant and a 
variable is the prodiict of the constant and the differential of the 
variable. 

By § 9, au changes uniformly with respect to u. 
By § 8, A(au) = aAu, 

Hence, by the definition in § 11, we obtain [4], 

For example, d(Sax^) = 3a-d(x8), and d(-j = d(- *zf = -dz, 

20. d(logaU) = m.du/u. [5] 

That is, the differential of the logarithm of a variable is the 
modulus of the system into the differential of the variable divided 
by the variable. 

For, n being a general constant, let 

u = ny. (1) 

. • . log^u = logji -h log^. (2) 

From (2), by [1], [2], and [3] we obtain 

dQog^u) = d(log^), (3) 

Differentiating (1) and dividing by (1), we obtain 

du/u = dy/y. (4) 



LOGARITHMIC FUNCTIONS. 13 

Dividing (3) by (4), we obtain 

d(\og^u) : du/u = d(\og^) : dij/y. (5) 

It remains to prove that the equal ratios in (5) are constant. 
Let m denote the common ratio in (5) when y = ij'', then 

d Qogjt) = m du /ti, (6) 

when u = ny'. But, as w is a general constant, ny' denotes any 
number ; hence (6), or [6], holds true for all values of u, m 
being a constant. 

•The constant m is called the modulus of the system of 
logarithms whose base is a. 

The modulus of the common system of logarithms, obtained 
in § 97, is 0.434294 • • •. 

From the nature of logarithms we know that logaU changes the faster 
the smaller we take a. From [6] we learn that logoW changes at the rate 
of m/u to 1 of M. Hence, the modulus m varies with the base a. 

Ex. The number u changes how many times as fast as logiou when 
u = 2660 ? 

du u 2560 



d(logoM) m 0.43429- •• 



= 5895, nearly. 



That is, u changes nearly 5895 times as fast as its common logarithm 
when u = 2560. 



21. Natural logarithms. The system of logarithms whose 
modulus is unity is called the Naperian or naUcral system. 
The symbol for the base of the natural system is e. 

Hence, d (logeU) = du/ u. [6] 

Natural logarithms are evidently the simplest and most 
natural for analytic purposes. 

Hereafter when no base is written, e is understood. 

In the natural system du = w -d (log w); that is, the number u changes 
u times as fast as its natural logarithm. 
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22. d(uy) = ydu + udy. [7] 

When u and y are both positive, we have 

\og(uy) = log M + log y) 

uy u y "^ L J 

.'. d(uy) = ydu -f- udy, (1) 

Multiplying (1) by ab, by [4] we obtain 

d (au • by) =by'd (au) + au • d(by). (2) 

« 

Since a and ft are general constants, au and fty denote any 
variables, real or imaginary. Hence [7] holds true for any 
real or imaginary values of u and y. 

23. d(uvyz---) 

= (vyz • • •)du + (uyz • • •)dv + (uvz • • •)dy H . [8] 

That is, tlie differential of the prodvM of any number of 
variables is the sum of the products of the differential of each 
into all the rest. 

If in [7] we put vw for w, we obtain 

d(vwy) = yd(vw) + vwdy 

= wydv -f- vydw -f- vwdy, (1) 

By repeating this process the theorem is proved for any 
number of variables. 

If r = 10 = y, (1) becomes d(y^) = 3 yHy, 

24. d(u/y) = (ydu-udy)/yl [9] 

That is, the differential of a fraction is the denominator into 
the differential of the numerator minu^ the numerator into the 
differential of the denominator, divided by the square of the 
denominator. 
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Let z = tt/y ; then zy = u, 

.'. ydz -j- zdy = du; by [1], [7] 

.*. dz = (du — zdj/)/i/, 
fu\ _ du— (u I y)dy ___ ydu — udy 

\2/y y " l/" 

Cob. d(a/y) = -ady/y^ [10] 

For d- = "^ 5 — ^ = f J since (Za = 0. 

y T y 

25. Differentials of u^, b^, u°. When t^ is positive, 

.-. d(uy) = yuy-1 du + u^ log^u dy/m. [11] 

Putting ft for t* in [11], by [2] we obtain 

d (by) = by logab dy/m. [12] 

Putting n f or y in [11], by [2] we obtain 

d(u°) = nu°-^du. [13] 

Multiplying [13] by c", by [4] we obtain 

d {cuy = n(ciiy~ ^ d (cu), (1) 

Since mc in (1) denotes any variable base, [13] holds true 
for any value of w, positive or negative, real or imaginary. 
The function u^ is continuous only when u is positive ; hence 
[11] and [12] are limited to positive values of u and h. 
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22. d(uy) = ydu + udy. [7] 

When u and y are both positive, we have 

log {uy) = log M -h log y; 

uy u y ^ u J 

.\ d (uy) = ydu -\- udy, (1) 

Multiplying (1) by ab, by [4] we obtain 

d (au • by) =by'd (au) -f- au • d(by). (2) 

« 

Since a and ft are general constants, au and fty denote any 
variables, real or imaginary. Hence [7] holds true for any 
real or imaginary values of u and y. 

23. d(uvyz---) 

= (vyz • • •)du -h (uyz • • •)dv + (uvz • • •)dy H . [8] 

That is, the differential of the product of any number of 
variables is the sum of the products of the differential of each 
into all the rest. 

If in [7] we put vw for u^ we obtain 

d(vwy) = yd(vw) + vwdy 

= wydv -f- vydw -f- vwdy, (1) 

By repeating this process the theorem is proved for any 
number of variables. 

If r = u; = y, (1) becomes d(y^) = 3 yHy, 

24. d(u/y) = (ydu-udy)/yl [9] 

That is, the differential of a fraction is the denominator into 
the differential of the numerator minus the numerator into the 
differential of the denominator, divided by the square of the 
denominator. 
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Let z = u/y\ then zy = u. 

.'. ydz-\'zdy = du) by [1], [7] 

.'. dz = (du — zdy) /y, 



fu\ _ du— (u/y)dy __ ydu — udy 



y y^ 



Cob. d(a/y) = -ady/yl [10] 

_ _a yda — ady ady . _ . 
For d- = "^ 5 — ^ = f-9 since da = 0. 

y T y 



25. Differentials of u^, b^, u°. When t^ is positive, 

.-. d(uy) = yuy-^du + u^ log^u dy/m. [11] 



.<r 



Putting h for t* in [11], by [2] we obtain 

d (by) = by logab dy/m. [12] 

Putting n for 2/ in [11], by [2] we obtain 

d(u°) = nu°-^du. [13] 

Multiplying [13] by c", by [4] we obtain 

d (cuf = n(cxCf ^ d (cu), (1) 

Since cu in (1) denotes any variable base, [13] holds true 
for any value of u, positive or negative, real or imaginary. 
The function u^ is continuous only when u is positive ; hence 
[11] and [12] are limited to positive values of u and b. 
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17. 


2x2-3 
^ 4x + x2 


dy_8x2 + 6x + 12 
dx (4 X + x2)2 


18. 


/1+x 


d2/_ 1 


dx (l-x)Vl-x2 


19. 


x« 

1/ " ' ^^^-^^ • 


dy 3 x2 + x8 


^ ~ (1 + x)a 


dx (1+ x)8 


20. 


2x2-1 
y — * 


dy_ 1+4x2 




" X Vl + xa 


dx x2(X+x2)8/2 


21. 


02-&2 


dy_3(a2-62)(x-a) 


^ (2ax-x2)8/2 


daj (2ax-x2)6/2 


22. 


y = Vox + Vc2x8. 


dy _ y/a + 3 ex 
dx 2V^ 


23. 


x»» + l 
y = 7* 

^ x« — 1 


dy 2 rix**~^ 
dx (x« - 1)2 


24. 


6x 


dy _ abx 


V2 ox — x2 


dx (2ax — x2)8/2 


25. 


x»» 


dy _ nx"-! 


" (1+ X)" 


dx (l+x)«+J 


26. 


1 


dy m (6 + x) + n (a + x) 


"" (a + x)"» (6 + x)» 


dx (a + x)"»+J(6 + x)«+i 


27. 


y = (a + x)"»(6 + x)». 





28. y = 



dy = [in (6 + x) + n (a + x)} (a + x)"»-J (6 + x) »»-i dx. 

xg** dy _ 2nx2«-i 

(I + x2)» ' dx - (1 + x2)»+i ' 



29. y = xi2(5_3a;)4(c + 4x)8. 

dy = 12x"(6 - 3x)8(c + 4x)2(6c - 4cx + 66x - 19x2) dx. 

OA — 1 — X dy — (1 + x) 

Vl+x2 dx (l+x2)8/2 

Vx2 — o2 dy a2 

3L y = ^- -^ = ,- ' 

» dx x2 Vx2 — a2 
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Va2 + x2 - X dx a2\Va2 + x2 J 

Rationalize the denominator before differentiating. 

33. y = . -^ = — , —4x8. 

X + V 1 + xa dx Vx2 + 1 

34.y = -=^= ^^=-^l{l + ^^=\. 

vx2 4-a2 — a dx x2\ vx2 + a2J 

EXAMPLES. 
By one or more of the sixteen preceding formulas, differentiate 

1 1 / o I X dy 2 X + 1 

1. y = log(x^ + x). di = l^T¥- 

2. y = 10gaX8 = 3 log.,x. 

3. j,=iog„vr^=iiog,(i-x3). 1=2^- 

4. y = X log X. dy = (log x + 1) dx. 

1 + Vx /- /- 

5. y = log ^ = log(l + Vx) — log(l — Vx). 

1 — Vx 

T.v=iog,n.^.. |=n%- 

8. y = log(VlTx2 + Vr=^). ^ = lf-pi=-lV 

dx X ^ V 1 — X* / 

9. y = (logx)8. 10. y = ciog«»'. 

11. y = X*. dy = X* (log x + 1) dx. 

12. y = x«*. ^ = x^x^(logx(logx+l) + iY 

d?/ dx 

Here logy = x* logx; .-. — = x* h logx[x^(logx + l)]dx. 

y X 

io -X dy ^-^1+xlogx 

" dx X 
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_ 2x3-3 dy _ Sx^ + 6x + 12 

^'"4x + xa' (to (4x + x2)2 



X 



18. y = \z • — = / 

\l-aj dx (l-x)Vi-x2 

__ x8 dy _ 3 x2 + x8 

^■"(l+x)a* dx" (l+x)8' 

^ 2x2 — 1 dy 1+4x2 

20. y = 



Vl+X2 dX x2(l+x2)8/2 



_ o2 - &2 dy _ 3 (o2 - &2) (a; - a) 

^ (2ax-x2)8/2' ^^ (2ax-x2)5/2 

22. y=V^ + V^. dy^ V^4-3cx , 

dx 2Vx 

oQ _ X" + 1 dy __ 2nx»-^ 

^ ^""x^-l* dx~ (x«-l)2' 

«. bx dy abx 

24. y = . ^=' — = 

V2ax — x2 dx (2ax — x2)8/2 

_ x** dy _ Tix**-^ 

^ ^ "" (1 + x)«* dx ~ (1 + x)«+ J ' 

2g 1 ^ — ^ m(6 + x) + n(a + x) 

^~ (a + x)'»(6 + x)»' dx (a + x)"»+i(6 + x)«+i* 

27. y = (a + x)"* (6 + x)». 

dy = {m(6 + x) + n(a + x)} (a + x)*"-^ (6 + x)»-idx. 

_ g2n dy_ 2nx2«-i 

^ ~ (1 + x2)»* dx - (1 + x2)«+i ■ 

29. y = xi2(5_3a;)4(c + 4x)8. 

dy = 12 x" (6 - 3x)8(c + 4x)2(6c - 4cx + 66x - 19x2) dx. 

OA — 1 —g dy _ — (1 + x) 

30. y = ■ • -^ = — ^ ^ • 

Vl+x2 dx (l+x2)8/2 

«, Vx2 — o2 dy a2 

31. y = — = — , • 

» dx x2 Vx2 — a2 
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32. y = —==: — = — J , +2g V. 

va2 + x2 — X dx a2\va2 + x2 J 

Rationalize the denominator before differentiating. 

33. y = 7=- — = V— g ^-4x8. 

X + V 1 + x2 dx VxM-l 

34.y = ^=^= ^=-^/l + ^=^\. 

Vx2 + a2 - a dx x2\ Vx2 + a2j 

EXAMPLES. 
By one or more of the sixteen preceding formulas, differentiate 

2. y = logaX8 = 3 log,,x. 

3. J, = log„Vl^ = ilog„(l -»=»). 1 = 2^- 

4. y = X log X. dy = (log x + 1) dx. 

5. y = log ^ = log(l + V^) - log(l —Vx), 

1 — Vx 

7. . = log(l+.»). 1 = ^- 

8. y = log(VrT^ + Vr=^). ^ = -(-j^=-l\ 

dx X ^ V 1 — X* ^ 

9. y = (logx)8. 10. y = ciog«'. 

11. y = X* dy = X* (log x + 1) dx. 

12. y = x«*. |^ = x^x«^(logx(logx+l) + l). 

Here logy = x* logx; .-. — = x* \- logx[x*(logx + l)]dx. 

y X 

-« « <^2^ jB 1 + ajlogx 



I 
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lA, y = e*^. dy = e*^ x^(log x + 1) dx. 

lb, y = x^^^. dy = 2x logas-i log x • dx, 

16. y = ,_i_ 1 • 
a^+ 1 

X 



17. y = log 



vTTx2* 

18. y = log(logx). 






dy _ 


_ 2 a* log a 




dx 


(a^ + 1)2 




dy _ 


1 




dx 


x(l + x2) 




dy _ 
dx 


1 

xlogx 




dy _ 
dx 


■m'-'i- 


■)• 


dy _ 


x2 — 2x 


-2 



.Mx*+a;-Fl dx 2Vl-x^x2 + x + 1)8^2 

In example 20 and some that follow, pass to logarithms. 

oi __ X" dy _ 7iax»-^ 

^""(a + x)**' dx~(a + x)»+i* 

«, _ (a2 + x2) 8/2 dy 2a2-x2 , , . _^,,. 



23. y = log 



1 +e* dx 1 +e»= 



^^ ^ dx x2 

25. y = e»:(l— x8). dy = 6== (1 — 3 x2 — x^) dx. 

gx^g-a dy _ 4 



26. y = 



I * 



e== + e-* dx (e^ + e-«')2 

''- = ©"• 2 = »©"('+'--n)- 

28. y = (o* + l)«, (Jy = 2a*(a* + l)loga(fe. 

»• » = «^. 30. » = ^- 
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29. Derivatives. The ratio of the difFerential of a func- 
tion of a single variable to that of the variable is called the 
derivative of the function. Thus, dy J dx denotes th^ deriva- 
tive of y as a function of x. 

The derivative oif(x) is denoted by/'(x). 

That is, df{x) /dx = f(x). 

The operation of finding the derivative of a function of x is 

denoted by ^. Thus ^(3a^ = 1^^ = 15 ^^ 
dx dx^ ' dx 

A derivative is often called a differential coefficient, 

EXAMPLES. 

In each of the following equations find the derivative of the implicit 
function y : 

1. x^ + 2/^ = 3 azy + c. 

d(x8 -h y8) = d(3aa;y -f- c) ; by [1] 

.-. 3x2dx -h ZyHy = Saydx + Saxdy; 

dy ___ ay — x^ 
' ' dz~ y^ — ax 

2. y^ = 2x^ + hx. -- = ___. 



5. x8 -f- 3 oxy = — y*. 



dy__ x^ +^ ay 
dx y^ + ax 



* a"* 6^ * dx \y/ \a/ 

7. e- + y-xy. dx-x(2/-l) 

Passing to logarithms, we have x + y = log x + log y. 

8 XV = y^ dy _ y^- xy logy _ /y\^ logx - 1 . 

dx x2 — xylogx \x/ logy — 1 
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9. x»+x = y»-. f= xy\os(xy) + y{v + x) 

dx xy log (y/x) + x (y — x) 

30. The velocity of a moving body is the time-rate of the 
distance traversed by it. Let s denote the distance, t the 
time, and v the velocity; then v = the time-rate oi 8 = ds/dt, 



EXAMPLES. 

1. The area of a circular plate of metal is expanding by heat. When 
the radius passes through the value 2 in. it is increasing at the rate 
of 0.01 in. a second ; how fast is the area increasing ? 

Let X = the number of in. in the radius, 
and y = the number of sq. in. in the area. 
Then y = irx^ ; .-. dy / dt — 2 irx ' dx/dt, (1) 

Whenx = 2, dc/di = 0.01; .\ dy/dt = (iMir, 

That is, the area is increasing at the rate of 0.04 t sq. in. a second 
when it passes through the value considered. 

2. When the radius of a spherical soap-bubble equals 3 in. it is in- 
creasing at the rate of 2 in. a second ; how fast is its volume increasing ? ^ 

Ans. 72 cu. in. a second. TT . 

3. A boy is running on a horizontal plane in a straight line towards 
the base of a tower 60 metres in height. How fast is he approaching the 
top when he is 600 metres from the foot, and is running at the rate of 
200 metres a minute ? Ans, 199 metres a minute. \^ 

4. A light is 4 metres above and directly over a straight horizontal 
sidewalk, on which a man If metres in height is walking away from the 
light at the rate of 60 metres a minute. How fast is his shadow changing 

in length ? 

Let AE hB the sidewalk, B the position 
of the light, and CB one position of the man. 

Let y = the number of metres in CE, 
and X = the number in AC ; then 

y -\- x:y = 4 :6/3, etc. 

\ 
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5. In problem 4 show tiiat the farthest point of the man's shadow is 
moving at the rate of 85^ metres a minute. 

6. The altitude of a variable cylinder is constantly equal to the 
diameter of the base. When the altitude equals 6 metres it is increasing 
at the rate of 2 metres an hour ; how fast is its volume increasing ? How 
fast its entire surface ? 

Ans. 54 kilolitres an hour ; 36 t centiares an hour. / TT 

7. Find the length of a side of an equilateral triangle when its area is 
increasing in sq. in. 30 times as fast as a side is in lin. in. 

Let X = the number of lin. in. in a side of the triangle, 
and y = the number of sq. in. in its area ; 

then y = iVSx^ ; .-. dy = i Vs xdx. 

Hence, y changes ^ VSx times as fast as x ; therefore, when y 
changes 30 times as fast as x, i Vs x = 30, or x = 20 Vs. 

8. On the parabola y'^ = Sx, find the point at which y changes at the ■ 
rate of 2 to 1 of x. Ans. (1/2, 2). 

9. On the ellipse x^/a^ + y^/b^ = 1, find the points at which y changes 
at the rate of c to 1 of x. 

Ans. (q: ca?/y/\P' + aH\ ± h^/y/W+^). 

10. One ship was sailing south at the rate of 6 miles an hour ; another 
east at the rate of 8 miles an hour. At 4 p.m. the second crosses the 
track of the first at a point where the first was two hours before. When 
was the distance between the ships not changing ? How was it changing 
at 3 P.M. ? at 5 p.m. ? 

Let i = the number of hours in the time reckoned from 4 p.m., 
time after 4 p.m. being +, and time before — . Then 8 t miles and 
(6 ^ + 12) miles will be respectively the distances of the two ships 
from the point of intersection of their paths, distances south and 
east being +, and distances west and north being — . 
Let y = the number of miles between the ships ; then 

2/2 = (8 tY + (6 < + 12)2. 
dy _ loot + 72 

''' dt [64<2+(6<+12)2]i/2* 

When dy/dt = 0, lOOt + 72 = 0, or < = — 0.72. 
Hence, the distance between the ships was not changing at 43.2 
minutes before 4 p.m., or at 16.8 minutes after 3 p.m. 

Ans, Diminishing at the rate of 2.8 miles an hour ; increasing at 
the rate of 8.73 miles an hour. 
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11. Two straight lines of railway intersect at an angle of 120°; on one 
line a train is approaching the intersection at the rate of 30 miles an hour, 
and on the other a train is receding from it at the rate of 40 miles an 
hour. When the first is 10 miles from the intersection, the second is 
20 miles from it ; find the rate of change of the distance between the 
trains at that instant. 

Let z — the number of miles between the trains, and x and y 
respectively the numbers of miles between them and the intersection 
of the tracks ; then the rates of x and y respectively will be — 30 
and 40 an hour, and 

22 = x2 + 2/2 + xy. 

Hence, at the instant considered the trains are separating at the 
rate of Y- Vf miles an hour. 

31. Tangent. If a secant RS be moved or revolved so that 
two of its points of intersection with a curve coincide at some 
point P, the line RS in this position is the tangent to the 
curve at P. 

32. Slope. * The tangent to a curve at any point P has 
the direction of the curve at that point. 

Let </> denote the angle XBF (§ 33, fig.) ; then, when P 
moves along the curve, </> varies and gives the direction of the 
curve at P relative to the aj-axis. 

Tan </> is called the slope of the curve at P. 

33. Geometric meaning of dy /dx. Let mFF^ be the locus 
of y =f(x). Let s denote the length of the path traced by 
the point {x, y), 

* This statement, if not sufficiently evident, may be proved as follows : 
When the direction of the arc PaP" (§ 00, fig.) changes continuously 
(this arc can always be made so small that its direction will change con- 
tinuously), the secant PP^ has the direction of the arc PaP^ at some point, 
as a. When P' is made to coincide with P, a also will coincide with 
P ; hence, the tangent at P has the direction of the curve at P. 



I. 



EQUATION OP TANGENT. 
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Starting at m, suppose (x, y) to move along the curve to P 
and thence along the tangent 
PA. Then, when x = OM, 
the change of x and that of 
y will both become uniform 
with respect to s. 

Hence, PA, PE, and EA 
will represent ds, dx, and dy, 
respectively/ when x = OM. 

Hence, dy/dx = tan <^. (1) 

That is, dy/dXy orf (x), eqxiah the slope ofy =f(x) at (x, ?/). 

Since the relative rates of y and x determine the direction of motion 
of the point (x, y), equation (1) follows directly from § 12. 

CoR. 1. From the right angled triangle PEA we have 

ds" = dx'^-{- dy\ (2) 

dy /ds = sin <^, dx/ds = cos <^. (3) 

CoR. 2. If PA represents the velocity at P of the point 
{x, y) in the direction of its path, PE and EA will represent 
the component velocities at P of the point (x, y) in the direc- 
tion of the axes. 

The figure given above illustrates the difference between an increment 

and a differential. 

For example, if Ax = PE = dx, Ay = EP" = dy -\- AP", 

If the curve were concave downward at P, Ay would be less than dy. 

Ay and dy are equal when and only when the locus is a straight line. 

34. Rectangular equation of a tangent. Let y —f{x) be 
the rectangular equation of any plane curve, and let dy^ /dx^ 
denote the value of dy/dx for the point (x\ y') ; then the 
equation of the tangent to the curve y =f(x) at the point 
(x', yy is 

y-y' = ^(^-^'). (a) 
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For line (a) evidently passes tlirougli (x', y*), and by § 33 it 
has the slope of the curve at that point. 

Ex. Find the equation of the tangent to the parabola y^ = 4px. 
Here dy/dx = 2p/y ; .*. dy' /dx' = ^p/y". 
Substituting in (a), we obtain as the required equation 



2p 
y-y' = — (x-aO- 

Since y^^ = 4px', equation (1) becomes by reduction 

yy' = 2p(x + x'). 



(1) 



(2) 



CoR. Intercept of tangent on ic-axis = a;' — y^dx^ /dy\ (1) 
Intercept of tangent on y-axis = y' — x^dy* /dx\ . (2) 

35. Rectangular equation of a normal. The normal at 
the point (x\ y') passes through (x', y') and is perpendicular 
to the tangent at that point ; hence, its equation is 



2/ - y = - ^ (^ - ^')- 



(b) 



For example, the equation of the normal to the parabola y^ = 4pz at 
the point (x', y') is 

y'-y' = -(yy2p)(x-z% 

36. Subtangent, subnormal, tangent, normal. Let PT 

be the tangent at the point F(x', ^'), and FS the normal. 




S X 



Draw the ordinate P3f ; then TM is called the suhtangent^ 
and MS the subnormal. Hence, 
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Subt. = TM=MF cot <t> = i/dx^/dij'. (1) 

Subn. =MS = MF tan <t> = y'di/'/dx^ (2) 

Tan. =TP = ^JWf" -f YW = y' Vl + {dx'/dijy. (3) 

Norm. = SP =\JmF + iJf/S' = ^ Vl + {dy'/dx^. (4) 

If the subtangent is reckoned from the point T, and the 
subnormal from M, each will be positive or negative accord- 
ing as it extends to the right or to the left. 

Note. The problem of tangents was foremost among the problems 
which led to the invention of the Differential Calculus. 

EXAMPLES. 

The equations of the tangent and the normal to 

1. The circle, x^ + y2 = j.2^ are yy' + xxf — r^, and z'y = y'x, 

2. The ellipse, x'^/a^ + y'^ /W' — 1, are xx'/a^ + yy' /^ = 1, and 

y - / = (aV/&V) (X - x'). 

3. The hyperbola, x'^/a^ — y^/b^ = 1, are xx'/a'^ — yy'/b^ = 1, and 

y-y'=- (aV/^'^xO (x - x'). 

A rru ' -15 x8 , . -v^ (3 g — xQ . „ 

4. The cissoid, y2 = ^^-3^» are y - y' = ± ^^^_^y,./ {x - x'), 

B,ndy-y'= zn -^f^ — '^ (x - x'). § 155, fig. 3. 

Vx' (3 a — x') 

5. The hyperbola, xy = m, are x'y + y'x = 2 m, and 

y^y — x'x = y'^— x^. 

6. The circle, x^-\- y^ = 2rx, are y — y^ = (x — x') (r — x')fy'^ and 

y-2/'=(aJ-«')y7(x'-r). 

7. Find the equations of the tangent and the normal to the curve 
2/2 =z 2 x2 — x^, (1) at the point whose abscissa is 1, (2) at the point whose 
abscissa is — 2. 

8. Find the slope of the curve y^ = x^ + 2 x* at x = 2. 

9. Find the slope of the curve y = x8 — y2 4-iatx = 2; x=l; x=0; 
x=-L 
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10. At what point on y- = 2x'* is tlie slope 3 ? At what point is the 
curve parallel to the x-axis ? ji^ig /^ 4)- (0 0). 

11. At what angle does y^ = Sx intersect 4 ic^ + 2 y^ = 48 ? 

The points of intersection are (2, 4) and (2, — 4) ; the slopes of the 
curves are 4/y and —2x/y respectively, which for the point (2, 4) 
become 1 and — 1. Hence, the curves intersect at right angles at 
(2, 4). 

12. At what angles does the line 3y — 2x — 8 = cut the parabola 
y^ = 8x? Ans. tan- 10.2; tan- 10.125. 

13. The cissoid y^ = x^/(2a — x) cuts its circle x^ + y^ = 2ax at 
tan-12. / 

14. Find the subtangents and the subnormals of the conic sections and 
the cissoid. 

Ans, Parabola : subt. = 2 x' ; subn. = p. 

ElUpse : subt. = (x'2 — a^)/x'; subn. = — b^'/a^ 

Hyperbola: subt. = {x"^ — d?)/x'\ subn. = ft-x'/a^. 

r.- A u^ x^(2 g - xQ ", x^2(3 a - xQ 

Cissoid : subt. = — ^ 7^ ; subn. = -77 --/ • 

3 a — x' ' (2 a — x^^ 

Find the subtangent and the subnormal of 

15. The hyperbola xy = m, 

16. The semi-cubical parabola ay^ = x'. § 155, fig. 1. 

17. Find the slope of the logarithmic curve x = loga?/. Tlie slope 
varies as what ? In the curve x = log y the slope equals what ? 

18. Find the equations of the tangent and the normal to x = logrt7/. 
Show that the subt. = m, and find the subn. 

19. Find the normal, subnormal, tangent, and subtangent of the 
catenary y=^ (^^" + e-^/"). §197, fig. 

a 4 V2/2 — a2 V2/2 — ((2 

20. The path of a point is an arc of the parabola y^ = 4px, and its 
velocity is v ; find its velocity in the direction of each axis. 
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Let s denote the length of the path measured from any point upon 
it; then 

ds/dt = V, 

17 o A dy 2p dx 

From y2 = 4px, :£ = "H * 

dt y dt 

Substituting these values in 

(l)'=(l)'-(S)'. s^<»- 



dx yv -t dy 2pv 
— — ajj(j — z= 



we obtain 

dt Vy2 + 4p2' " di V2/2 + 4p2 

21. Find the velocities required in example 20, when the path is, 

(i) an arc of the circle z^ + y^ = r^, 

(ii) an arc of the ellipse "^ + t^ = 1» 

x2 w2 
(iii) an arc of the hyperbola ~^ "~ ^ = !• 

22. A comet's orbit is a parabola, and its velocity is v ; find its rate 
of approach to the sun, which is at the focus of its orbit. 

Let p denote the distance from the focus to any point on y^ = 4px ; 

then 

p = x+ p, 

.-. dp/dt = dx/dt. (1) 

Hence, the comet approaches or recedes from the sun just as fast 
as it moves parallel to the axis of its orbit. 

... ^ = — = -=J=v. Example 20 

. dt dt Vy2 + 4p2 

At the vertex y = 0; hence, at the vertex dp/dt is zero. 
When y = 2p, dp/dt = (1/2) V2«. 
When y = 3p, dp/dt = (3/13) VlSi?. 

23. The curves y =f(x) and 2/ = F (x) have the point [a, /(a)] in com- 
mon ; show that these cuives intersect at this point at an angle whose 

tangent IS ^^^,^^j.^W J. 
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Trigonometric Functions. 

37. A radian is an angle which, when placed at the centre 
of a circle, intercepts an arc a radius in length. It equals 
180® /tt, or 57°.3 nearly. Let u denote the number of radians 
in any angle at the centre of a circle, r the number of units in 
the radius, and s the number in the intercepted arc ; then 




u = s/r ; or if r = 1, u = s. 

38. d^ sin u = cos u du. 
d cos u = — sin u du. 



[17] 
[18] 



Let the point P (cc, y) move along the 
arc XPY of a unit circle. Denote the 
number of linear units in the arc XP 
by 5, and the number of radians in the 



■^ ^^ angle XOF by u. We shall then have 



w = «. 



.'. du 



y = sm Uy 
dy = d sin u^ 



X = cos u. 
dx = d cos u. 



ds, dy = d sin Uy dx = d cos u. (1) 

Angle EDP equals w, and dx is negative ; hence, from the 
triangle UDP by § 33 we obtain 

dy = cos uds, dx = — sin u ds, (2) 

Substituting for dy, ds, and dx in (2) their values as given 
in (1), we obtain [17] and [18], 



39. d tan u = sec^ du. 
For 

.'. d tan u = 



[19] 



tan u = sin u/cos u. 

cos u d sin u — sin u d cos u 



cos^w 



(cos^ + sin^tt) du , , 

= ^ :; ^ = &Q(yU du. 



QO^'U 



* When not needed to avoid ambiguity the parentheses after the si^ 
(2 are often omitted. 
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40. d cot u = — csc^ du. [20] 

For cot u = tan (7r/2 — u). 

,\ d cot u = sec^(7r/2 — u) d (7r/2 — u) 
= — csc^M du. 

41. d sec u = sec u tan u du. [21] 
For sec u = 1 /cos u. 

.•. d sec w = 5 — = sec u tan w aw. 

42. d CSC u = — CSC u cot u du. [22] 

For CSC u = sec (7r/2 — u), 

r. dcscu = sec (7r/2 — u) tan (7r/2 — -i^) dJ (^/2 — u) 
= — CSC u cot t« 6?W. 

43. d vers u = c^ (1 — cos w) = sin u du. [23] 

44. d covers u = c^ (1 — sin w) = — cos u du. [24] 



EXAMPLES. 

1. y = sin OX. dy = a cos ax • dx, 

2. y = cos (x/a). dy = — a-i sin (x/a) dx. 

3. y = cos x*. dy = — 3 x2 sin x^dx. 

4. /(^) = tan*"^. f\e) = m tan"*-! $ sec'^B, 

5. /(^)=:: tan 3^ + sec 3^. /'(^) = 3 sec23^ + 3 sec 3^ tan 3^. 

6. f(x) = sin (log ox). /(x) = x-^ cos (log ax). 

f(x) changes at the rate of /'(x) to 1 of x (§ 12). 

7. /(x) = log (sin ox). /'(x) = a cot ax. 

8. /W = log (tan ae). fV) = 2sinilsa(> = sS^^' 

9. f{0) = lo^ (cot a^). /'($) = — 2 a/sin 2 a^. 
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10. /(x) = 

11. f{x) = 

12. f{x) = 

13. f{x) = 

14. /(x) = 

16. /(x) = 

17. f(x) = 

18. /(x) = 

19. f{e) = 

20. /(x) = 

21. f{e) = 

22. /(x) = 

23. /(x) = 

24. /(x) 

25. /W 



1 —tan ox 



sec ox 

sin nx • sin"x. 
e^ log sin x. 
tan (log x). 
cosx/2sin2x. 
4 sin"" ax. 

(sin d)t«» ^. 

tana^/*. 

J tan* ^ — tan ^ + d. 

g(a + a;)2ghxx. 
g-a2xs cos rX. 



= COS OX — Sin OX. 



/'(x) 
15. /(x) 

no) 

/'(x) 
/'(x) 



a;n-i e»inx (n + a; cos 
n sin"-! X • sin (nx + x) 
e^ (cot X + log sin x). 
log sec X. 



X). / 
x). ( 



tan Vl — X. 
log^ 



— cosg 
+ cos^ 



r(x) : 

f'{0) = CSC e. 



4 am sin"»-i ox cos ax. 

ajsin a; (gin X/X + log X COS X). 

(sin 6)^^ 0(1 + sec2 ^ log sin 6), 

— a^/^sec^a^/af loga/x2. 
tan* 6, 

e(o + a;)s [2 (a + x) sin X + cos x]. 

— e-"'**(2 a^ cos rx + r sin rx). 

— (sec Vl — x)2 
2V1-X 



By differentiation derive each of the following pairs of identities from 
the other : 

26. sin 2^ = 2 sin^cosd, cos 2 ^ = cos^ ^ — sin2 ^. 

^ . „^ 2tan^ „^ 1 — tan2^ 

27. sm 20 = z—r-. — —^ » cos 2 ^ = 



1 + tan2^ 

28. sin3d = 3sin^ — 4 sin^ ^, 
cos 3^ = 4 cos8 ^ — 3 cos 0, 



14-tan2^ 



29. sin {m-{- n)d = sin md cos n6 + cos m6 sin nd, 
cos (m + n)d = cos mO cos n^ — sin m0 sin n^, 

30. d/(a + x2) = /'(a + x2) 2 xdx. 
3L d/(ax2)=/'(ax2)2axcto. 

dx \a / \aj a 
83. df(xy) =^f'(xy) (xdy + ydx). 
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Inverse-Trigonometric Functions. 



45. dsin-iu = du/Vi-u2.* [25] 

That is, the differential of an angle in terms of its sine is the 
differential of the sine divided by the square root of one mintts 
the square of the sine. 

Let y = siii~^2^ ; then sin y = u, 

du du 



,\dy = 



cos y Vl — sin^y 
du 



■y/l-u^ 



46. dcos-^u = rf( J — sin-^w ) = , 



.\dy = 



sec^y 1 + tan^y l-\-u^ 



48. dcot-^u = c^( ^ — tan-^t« I = ; — : 

\2 / 1+ u^ 



r.dy = 



sec y tan y u^u^ — 1 



[26] 



47. dtan-^u = -4^- [27] 

Let y = tan~^2^ ; then tan y = u, 

du du du 



[28] 



49. dsec-^u = — ^^ [29] 

Let y = sec~^tA ; then sec y=u, 

du du 



* To avoid the ambiguity of the double sign ±, we shall in these for- 
mulas limit sin-iw, cos-^m, etc., to values between and ic/2. 
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50. dcsc-^u = c?( sec-^w ) = , 

\2 J uVu^^^ 



sill y Vl — cos^^ 

du 
Vl — (1 — vers yy 

du du 



Vl - (1 - uy -\/2u-u' 



a 



Va2 - x2 ' a a2 + x2 



acot-i- = : dsec-i- = 



a 



a^ + x2 * a X Vx2 — a^ ' 



, , X adx , ,x dx 

a csc-i - = : ; a vers-i - = 



[30] 



51. dvers-^tt~ , ^^ [31] 

Let y = vers"" ^ w ; then vers y = u, 

- du du 

,'.dy = - — = 



52. d covers-^ u = d(-- vers- ^ w ) = , ^ • [32] 

\2 y V2U-U2 '- ^ 



EXAMPLES. 

- , . ,x d(x/a) dx 

1. d sin-i- = ^ <- -^ — = — • 

a vi-(x/a)2 Va2-x2 

o , ,« dx jx i^J odx 

2. d cos-i - = , : d tan-i - = 



a xVx2 — a2' a V2 ox — x2 

o -1 dy . , , mx 

3. y = xsin-imx. -^ = 8m-imxH — . 

dx V 1 — 7/i2aja 

4. 2/ = tan X tan-ix. •:r^ = sec2x tan-^x + t—. — - • 

dx 1 + x2 

K -f -1 ^^ dy _ 2 (1 - x2) 

5. y-tan ^_^^,- dx~l + 6x2-|-x*' 
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6. y = sin-i 



7. y = 8ec-^ 



8. y = cos-i 



x + 1 



V2 




1 




2x2- 


-1 


aj2n_ 


1 



X2»+1 



9. y = tan-i (n tan x). 



— ,««{i,— 1 



10. y = x'»i^ ^. 



11. y = taii-i 



x + g 
1 — ox 



12. y = sin-iVsinx. 



13. y = cos-i 






• -tA * , Vx+Vg 
14. y = tan-i ■p=-' 

1— vax 



V2 

1 + 



X 



16. 



17. y = cot-i-v/ 

\2 + 



^ 18. y=vers-i 

V 19. y = taii-i 

V 20. y = csc-i 



— X 
X 

2x2 



l + x2 

3x — x« 
1-3x2 

1 



21. y = sm-i 



2x2-1 
l-x2 

1 + X2' 



dy^ 1 

dx Vl — 2x — x2 

d[y_. 2 

^ Vl— x2 

dy 2nx'»-i 

dx X2" + 1 



dy n 

dx cos2x + w2siii2x 

dx V X Vl — x2/ 



dy_ 1 



dx l + x2 



dy __ Vl + C8C X 
dx"" 2 

dy _ - 2 
dx e* + e-* 

dy^ 1 

dx 2V^(l + x) 

dy^ - 1 
dx 2Vl-x2 



^ , l+Vl + x2 dy 1 



dx 2(1 + x2) 
dy_ 1 



dx 2V2 — X — x2 

dy_ 2 
dx l + x2' 

^ = __§_. 
dx l + x2 

dy ^ 2 ^ 
dx Vl — x2 

dy_ -2 . 
dx l + x2 
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/ 



„ ,3 + 5cosx 

22. y = cos-i r-r-5 • 

6 + 3 cosx 



^ 23. y = taii-i 



X 



Vl-x2 



dy _ 4 

dx 5 + 3 cosx 

dy_ 1 
dx Vl — x2 



>/ 



24. A wheel whose radius is r rolls along a horizontal line with a 
velocity u ; find the velocity of any point P in its rim, also the velocity 
of P horizontally and vertically. 




The path of P is a cycloid whose equations are 

x = r(d— sind), 1 

y = r (1 — cos d) = r vers d, / 

where denotes the variable angle DCP^ and r the radius CB, 
Since the centre of the wheel is vertically over D, 

%> = the time-rate of OB 
= d(r0)/dt = r'd0/dt. 
.-. d0/dt = v/r. 

Differentiating equations (1), by (2) we obtain 

dx/dt=V' vers 6 = the velocity horizontally, 
and dy/dt = V sin $ = the velocity vertically. 

ds 



(1) 



(2) 

(3) 
(4) 



ds _ //dx\2 /dy\J 



= r V2 (1 — cos ^) = vV2y/r 
= the velocity of P along its path. 



(5) 



At 0,^ = 0, andf = f = ^ = 0. 
' ' dt dt dt 



AtRy0 = -i 



At^, d=ir, 



^ _ dy _ ds 

d« "" d« ~ ^' di 

^ _ ds _ dy 

djt~ dt~ ^' de 



= dV2. 



= 0. 
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From (5) we obtain 

Hence, the velocity of P is to that of C as the chord DP is to the 
radius DC ; that is, P and C are momentarily moving about D with 
equal angular velocities. 

25. Find the subnormal and the normal of the cycloid. 

Snhn. =r sine = PH= ED. 

Thus the normal at P passes through the foot of the perpendicular 
to OM from C. Hence, to draw a tangent and normal at P, locate 
C, draw the perpendicular DCB equal to 2 r, and join P with B and 
D ; then PB and PD will be respectively the tangent and the normal 
at P. 

Normal = DP= VdB~15h = y/lr-y. 

26. Eliminating B in equations (1) of example 24, find the equation of 
the cycloid in the form 

X = r vers-i (y/r) q: V2 ry — y2. 

27. The equation of the tangent to the cycloid is 

y-y'= V(2r-yO/2/'(aJ-aJO. 

^' 28. A vertical wheel whose circumference is 20 ft. makes 6 revolutions 
a second about a fixed axis. How fast is a point in its circumference 
moving horizontally when it is 30° from either extremity of the horizontal 
diameter ? ^ii5. 50 ft. a second. 

29. What is the slope of the curve y = sin x ? Its inclination lies be- 
tween what values ? What is its inclination at x = ? What at x = 
t/2? 

The slope = cos x ; hence, at any point, it must be something be- 
tween — 1 and + 1 inclusive. Hence, the inclination of the curve 
at any point is something between and ir/4, or something between 
3 ir/4 and x inclusive. 

30. Find the equation of the tangent to the curve y = sin x ; y == tan x ; 
y = sec X. 



38 DIFFERENTIAL CALCULUS. 

MISCELLANEOUS EXAMPLES. 
1. y = log tan-i x. * 10. y = e^ 8in"»rx. 

^ 2. y = (aj + Vl — x2)» 11. y = log {log (a + 6x»)}. 



^3..=V<r 



- X2 ^ ^^ Vl + X2 + Vl-X2 

12. y = 



, ^ ^ _ (sm rix)*» , jj^ example 12 rationalize the 

(cos mx) denominator before differentiating. 

' 5. 2/ = e*' tan-'x. ^ 

3 + 2X 13. /(x) = (a2 + x2)tan-i^- 

6. y = sin-i — TT^ • " 

Vl3 

- 7. /(x) = e<"+^)*sinx. 



14. y = Vl — x2 sin-' x — x. 



^ xlogx . , ,, , ^ 15. y = tan-i^+ log^E_a. 

8. y = ., _ ^ + log (1 - X). a \x + a 

L X » 

« , Of -^ Vx2 + 1 + X 

9. y = sec-i —r-= • 16. y = 



17. y = 



Va2 — x2 Vx2+ 1 — X 

Vx2 + a2 + Vx2 + 62 

Vx2 + a2 - Vx2 + 62 

dy _. 2x /g + / x2 + gg . /x2 + &2 \ 
dx a2-62V \x2+62 \x2 + a2/ 



' 18. y = log (Vl + x2 + VT^). ^ = 1 A - . ^ Y 

dx x^ Vl — x*/ 

" 19. /(x) = (X - 3) e2^ + 4xe^ + X + 3. 



20. y = log (2x — 1 + 2 Vx2 — x — 1). 



V „, , /l + x\i/* tan-ix 

21. y = 



dy 






22. X = e y . 



dx 


Vx2- 


x-1 


dy 
dx 


X2 

1-x* 


• 


dy _ 


X — 


y 


dx 


X (log z 


+ 1) 



X ^~ t/ 

Here logx = -' 

y 
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>/ 



23. y = 



x'^ 



1 + 



X2 



1 + 



X2 



Here y = 



1 + etc. to infinity. 
aj2 



l + y 



X 



24. y = log{x4-Vx2— a2) + sec-i - 



^ 25. y = log 



Vl-x2 



dy _ 1 j x + a 
dx ""x \x--a 



dy }^ 

dx~" (Vl-x2 + xV2)(l-x2) 



0« -1 ^/VTTx2 + X 

^ Vl + x2 - X 



dy^ 1 
cte Vl + x2 



Here y = log(Vl + x2 + x). 



^ - / 2x2-2x+i . , , 2x 



V 



28. y = cot- 1 - + log 

X ° 



j x — a 
\x + a 



_. dy_ 8x2 

x2' dx~'4x* + l* 

dy 2 0x2 

dx X* — a* 



^^ . , xtand 

29. y = sm~^ . z 

V a2 — x2 



dy _ a2 tang 1 

dx a2 — x2 Va2 — x2sec2g 



■'3a, = ,o,{.(|=|)-"! 



dy _ x 2 — 1 
dx ~ x2 — 4 



CHAPTER III. 

PSOBLEM OF SATES SOLVED BY LIMITS. 

53. Limit. When according to its law of change a vari- 
able approaches indefinitely near and continually nearer a 
constant, but can never reach it, the constant is called the 
limit of the variable. 

It is assumed that the reader is familiar with the elementary theorems 
of Limits ; but for convenience of reference we state them below : 

1. If two variables are equal, their limits are equal. 

2. The limit of the sum, or product, of a constant and a variable is 
the sum, or product, of the constant and the limit of the variable. 

3. The limit of the variable sum, or product, of two or more variables 
is the sum, or product, of their limits. 

4. The limit of the variable quotient of two variables is the quotient 
of their limits, except when the limit of the divisor is zero. 

64. Notation. The sign = denotes "approaches as a 
limit." Thus, Aa; = is read " Ax approaches zero as its 
limit." 

The limit of a variable, as z, is often written It («). 

. ^°!^ /. T^ L or It -^f denotes It ( -^ ) when Ax = 0. 

Let v', x\ and ij denote any corresponding values of v, x^ 
and 2/j from which Av, Aaj, and Ay are estimated. Let the 
rate of v be the unit of rates ; then evidently 

A^ _ r the v-rate of y at some value oiy\ 

Av \ between y' and y' -\- Ay y ^ ^ 
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.'.It (Ay/Av) = the v-rate of y at the value y\ (2) 

Also It (Aic/Av) = the v-rate of x at the value x\ (3) 

Dividing (2) by (3), we obtain, in general, 



limit rAy~| _ the v-rate of y 
Aaj = Aa; the i;-rate of x 



(4) 



Comparing (4) with (1) of §. 12, we obtain [33]. 



To illustrate (1) and (2), let a denote the number of feet a falling body 
descends in t seconds. Let s' and if denote any corresponding values of 
a and <, from which As and Lt are reckoned ; then, evidently, 

As _ r the time-rate of s at some value of « 1 
A< "" I between s' and s' + As ) 

.'. It (As/ AQ = the time-rate of s at the value s'. 



EXAMPLES. 

By § 53 and [33] of § 55, prove 

1. d (uy) = ydu + udy^ or formula [7]. 

Let z = uy, and let x' represent any value of x, and m', 2^, and zf 
the corresponding values of w, y, and z, respectively ; then 

2' = uy. (1) 

When X = x' + Ax, w = w' + Aw, y = y' + Ay, and z = z' + Az; 

hence 

z' + Az = (u' + Au) {/ + Ay) 

= wV + l/Au 4- tt'Ay + AuAy. (2) 

Subtracting (1) from (2), we obtain 

Az = y'Au 4- w'Ay + AwAy. (3) 

= 2/^ It ^ + lt(w' + Am) . It^- 
Ax Ax 

dz _ ,du . ,dy , r„„T 
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Hence, as x' is any value of x, we have, in general, 

dz = d (uy) = ydu + udy, or [7]. 

If in [7] we put for y the constant a, we obtain 

d(au) = adUf or [4]. 

If in [7] we put vw for w, we obtain 

d (vwy) = wydv + vydw + vvody^ or [8]. 

2. d (w + y + 2 4- a) = djt + dy + dz, or [3], 

Let i? = u + y4-2 + a; 

then At? = Am + Ay + A2;. 

.*. It -— = It - — h It - — h It — • 
Ax Ax Ax Ax 

d^ __du dy dz 
' ' dx dx dx dx 

,'. dv = d{ii + y + Z + a) = du-^dy^ dz, 

3. If y = 2, dy = dz, or [1]. 

If y = z, Ay = Az. 

••^^Ax~^^Ax' "dx^dx 

4. Aa = ; .-. da = 0, or [2]. 

5. d{u/y) = (ydu — udy)/y^, or [9]. 

Let v = u/y; 

^, A w' 4- Am m' y'Aw — it'Ay 

then At) = , , . -= ,^ , .. • 

y" -\- Ay y' y"^ + y'Ay 

6. Assuming the binomial theorem, prove : 

d(M«) = wM»-idM, or [13]. 

56. By [33] of § 55 the problem of rates is reduced to one 
of limits. By theorems proved later in this chapter, proofs 
by limits are very much abbreviated. 
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The reader should note that we cannot write 

Ay^lt^A^^O. 

Ace - It (Ace) - ^^ 

For any proof of the principle applied in (1) fails when the 
limit of the divisor is zero. Moreover, the determinate expres- 
sion It (A?/ /Ace) cannot be identical with the indeterminate 
expression 0/0. 

To find It (Ay/Aa;), we find the limit of an equal variable, 
as in the examples of § 55 ; or we find the limit of some 
variable which, though not equal to Ay /Ace, has the same 
limit, as in § 63. 

The theory of limits never gives rise to the form a/0, or to 
any of the indeterminate forms 0/0, etc. 

67. Derivative as a limit. By § 29 and [33] we have 
It (Ay/ Ace) = the derivative of y with respect to cc. 
Or, since A/ (a) =f(x + Ace) — /(cc), we have 



:t« [A- + ^ -/w ] ./(«,. . (1, 



limit 
Ace 



It (Ay /Ace), or di//dx, is often denoted by D^. 

58. Infinitesimals. Zero is defined by the identity 

a — a = 0. 

An infinitesimal is a variable whose limit is zero. 
Hence, Ace = may be read " Ace is an infinitesimal." 
In approaching its limit zero, an infinitesimal becomes in- 
definitely small and continually smaller, but it never equals 
zero. Any small quantity becomes an infinitesimal when it 
begins to approach zero as its limit, not when it reaches any 
particular degree of smallness. A quantity, however small, 
which does not approach zero as its limit is not an infinitesi- 
mal. 
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Infinitesimals are indefinite variables used as auxiliaries in the study of 
finite quantities. Their essence and utUUy lie in their hamng zero as their 
limits and not in their amaXlness, The reader should not make the study 
of them difficult and obscure by thinking of them as mysteriously small. 

69. An infinite is a variable which under its law of change 
can exceed all assignable values, however great. The general 
symbol for an infinite is oo . The reciprocal of an infinitesimal 
is an infinite, and conversely. 

For example, when x = 0, l/x = oo; that is, when x is an infinitesi- 
mal, \/x is an infinite. 

When^z^O, cot(±^) = ±a, and tan (^/2q:d) = ±ao. 
When X = 0, logx = — Qo . 

An infinite does not approach a limit j in arithmetic value 
it increases without limit. 

60. Geometric meaning of It (Ay /Ax). Let mn be the 
locus of y =f(x), PF' a secant, and PD a tangent at P. Draw 

the ordinates MP and NP', also 
PC parallel to OX. 

Let 0M= Xy and MN = Aa; ; 
then MP = y, and CP' = Ay, 

Hence, Ay /Ax = CP'/PC = the 
slope of the secant PP'. 

Conceive the secant PP' to re- 
volve about P so that 

arc PP'=0; then Aa;=0, Ay = 0, 

and the slope of the secant = the slope of the tangent at P. 

Hence, It (Ay /Ax) = the slope of the curve y = f(x) at 
the point (x, y), 

CoR. If when Ax = 0, Ay / Ax varies, the locus of y =^f(x) 
is a curved line, and in general Ay / Ax approaches a limit ; 
but at a point where the locus is perpendicular to the a;-axis 
Ay / Ax = 00 when Ax = 0. 
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61. The limit of the ratio of an infinitesimal arc of any 
plane curve to its chord is unit]/. 

Let s represent the length of the arc mF (§ 60, fig.), and 

arc PaP' = As; then PC = Ax. 

Since s is a function of x, we have 

It (As/Aic) = ds/dx, (1) 

But It (chord FF'/^x) = It (sec CFF') 

= sec BFD = ds/dx. (2) 

Dividing (1) by (2), we obtain 

limit r A5 n 

As = 0LchordPP'J ^^ 

CoR. Let u and s have the same meanings as in § 38 j then 

limit r u 1 ^ limit f 2^ "1 ^ limit r 2 ■ XF l ^ 
u = Lsin w J "" s = L2 sin uj "" JTP = L2 • CFJ " 

That is, the limit of the ratio of an infinitesimal angle to its 
sine is unit]/, 

62. The limit of the ratio of two variables is not changed 
when either is replaced bg any other variable the limit of whose 
ratio to it is unity. 

Let a, ai, p, and Pi be any four variables, so related that 
lt^ = l, lt| = l, and \tl = c. (1) 

a a ai px ^1 ^ ft . 

■•■>'?="s"^->'?-"S' "'« 

in which a is replaced by ai, and p by ft, without changing 
the limit. 

Thts principle often enables us to simplify a problem of limits by sub- 
stituting for an infinitesimal arc its chord, as in the following article, 
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63. Subtangent, subnormal, tangent, normal, in polar 
curves. Let arc mP = s, and arc PD = As ; then Z P OD = AO, 
circular arc PM= pAO, and MD = Ap. Draw the chords PM 
and PD, the tangents BPH and TPZ, and ZH perpendicular 
to PH, Z being any point on the tangent PZ. 

When A5 = 0, the limiting positions of the secants PM and 
PD are the tangents BPH and TPZ, respectively ; hence, 

It (Z PMD) = Z RPK= IT 12 = Z PHZ, 

It (Z ODP) = Z OPT = i/r = Z HZPy 

and It (Z iifPi>) = Z ifP^. 




Again, by §§ 61 and 62, and trigonometry, we have 

Ap ,, il/Z) _ si n iffPi) 

~ sin PJfi> ' 



As chord PD 



dp • TT-r^ rw HZ 



• • 



(1) 
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Also, it ^ = It -T , ^y, = it-; TT^iTT;; 

As chord FD sm P-MZ> 

From (1) and (2), it follows that, if 

ds = FZy dp = HZ and pdO = HP. 

Draw OT perpendicular to OPy and P-4 and ON perpen- 
dicular to the tangent TP. Then the length PT is called the 
polar tangent; PA, the polar normal; OAy the polar svhiior- 
mal; and OT^ the polar sicbtangent. 

From the right-angled triangle HPZ we have 

ds^ = dp^ -f pW ; (3) 

• , P^^ , ^P 4. , P^^ /A\ 

sm^ = ^-, cos^ = ^^, *^^^^ = V ^^ 

Polar subt. = OT =- OP tan i/r = pHO/dp, (5) 

Polar subn. = 0^ = OP cot i/r = dpjdB, (C) 



Polar tan. = PT = ^OP^^OT' =:pJl-^p^ ^1", 

Polar norm. = ^P = VO^^T^Ol^ = \ L^ + ^. 

^ d6^ 

p=ON=OP sin i/r = pW/ds 



(7) 



(8) 



.2 



^p^ + (dp/doy' ^^^ 

</» = l/r -f ^. (10) 

Cor. If PZ represents the velocity at P of (p, 0) along the 
line of its path, HZ and PII will represent its component 
velocities at P along the radius vector and a line perpen- 
dicular to it. 
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EXAMPLES. 

1. Find the subtangent, subnormal, tangent, normal, and p of the 
spiral of Archimedes p = aO, 

Ans. subn. = a ; subt. = pl^/a; norm. = Vp2-|- q2 . 
tan. =p Vl + p2/a2; p = p^/ {p^ + aP), 

2. In the spiral of Archimedes show that tan \J/ = d. 

3. Fhid the subtangent, subnormal, tangent, and normal of the 
logarithmic spiral p = a^. 

Ans. subt. = p/ log a; subn. =ploga; 

tan. = p Vl + (loga)-2 ; norm. = p Vl + (loga)'-*. 

4. In the logarithmic spiral, show that \J/ is constant. 

Ifa=e, ^=jr/4, subt. = subn., and tan. = norm. 
Since the logarithmic spiral cuts every radius vector at the same 
angle, it is often called the equiangular spiral. 

^ 5. Find the subtangent, subnormal, and p of the lemniscate of 
Bemouilli pl^ = a^ cos 2 0. 

Ans, subt. = — pfi/a^ sin 2 ^ ; subn. = — a^gin 2 $/p, 

p = pV Vp^-^a*siii^20 = p^/a\ 

6. In the lemniscate show that ^ = 3 ^ and ^ = 2 ^. 

7. In the curve p = a sin* {^/3), show that ^ = 4 ^. 

8. In the parabola p = ct sec^ {^/2), show that ^ + ^ = ^. 

9. The velocity of a point along the spiral p = a^ is ?? ; find its com- 
ponent velocities along the radius vector and a line perpendicular to it. 

10. By the method of limits {§ 60, fig.) prove that, if P-B =dx,BI)= dy 
and FD = cZs, where s = mP. 

64. Orders of infinitesimals. Any variable which is 
neither an infinitesimal nor an infinite is called a finite 
variable. 

Two infinitesimals are said to be of the same order when 
their ratio is a constant or a finite variable. 
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For example, when Ax = 0, 7 Ax and (5 a + 6) Ax are infinitesimals of 
the same order ; so also are 9 (Ax)^ and (8 x — 7) (Ax)2 ; so also are Ay 
and Ax when It (Ay /Ax) is other than zero. Again, when ^=:^/2, 
1 — sin ^ and cos^^ are infinitesimals of the same order ; for 

limit r l — sin g "! __ limit r 1 "I _ 1 
e = 7t/2[, cos2^ J ~ d=^/2 Ll + sindj ~2* 

In order to classify the infinitesimals in any problem as 
belonging to different orders, we choose some one of them as 
the principal infinitesimal, and adopt the following definitions : 

An infinitesimal is of the first order when it is of the same 
order as the principal infinitesimal ; of the second order when 
it is of the same order as the square of the principal infinitesi- 
mal ; and so on. 

In general, an infinitesimal is of the nth order when it is of 
the same order as the nth power of the principal infinitesimal. 

Thus, when Ax is taken as the principal infinitesimal and lt(A2^/Ax) 
is other than zero. Ay is an infinitesimal of the first order ; 6 x (Ax)^ and 
7 yAyAx are infinitesimals of the second order ; 7 y (Ax)^ and 4 x (Ax)^Ay 
are of the third order; and y(Ax)" and x2{Ax)'»-"» (A2/)"» are of the nth order. 

65. Notation. Let v^ Vg, • • *, v„ represent finite variables 
or any constants except zero, and let i represent the principal 
infinitesimal ; then Vii, Vii^, ' • •, v„i" will represent respec- 
tively infinitesimals of the first, the second, • • •, the nth order. 

According to this notation, Ax = i is read ** Ax is the principal infini- 
tesimal"; 6xAx = m is read **5xAx is an infinitesimal of the first 
order"; 7 xAxAy = Vzi'^ is read **7xAxA2/ is an infinitesimal of the 
second order"; and so on. The subscript need not be written with 
the first V which appears in any problem or discussion. 

A finite quantity may be regarded as an infinitesimal of the 
^ero order ; for x = xiP and viP = v, 

Ex. If ^ = i, 1 — cos ^ = viK 

limit rlzi^l =, linilt rl-cosri 

^ limit r 1 1^1. JQ4 
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66. Geometric illustration of in- 
finitesimals of different orders. 

Let CAB be a right angle inscribed in 
the semicircle CAB, BD a tangent at B, 
and AE a perpendicular to BD. From the 
similar triangles CAB, BAD, and AED we 
have 



AD:AB = AB:ACi .-. AD = (1 / AC) Alf ; (1) 

and DE:AD = AB:BC; .-. DE = (l/BC) 'AD- AB. (2) 

Suppose A to approach B, and let -4 J5 = i ; then, from (1) and (2), 



AD=(l/AC)i^ = vi^, 
and DE = (1 /'bC) 'Vi^'i = v^i^. 

67. Orders of products and quotients. 

The order of the product of two or more infinitesimals is equal 
to the sum of the orders of the factoids. 

For vi"" • vj,"" = vvj."" + "*. 

The order of tlie quotient of any two infinitesimals is equ^l 
to the order of the dividend minus the order of the divisor. 

For vi^'/vjT' = (v/v^) i"-"». 

68. If the limit of the ratio of one infinitesimal to another is 
zero, the first is of a higher order than the second; and con- 
versely. 

For It (vi^'/vj"') = It l(v/v^) t""*"] = 

when, and only when, n > 7n, 

Cor. If the ratio of one infinitesimal to another is infinite, 
the first is of a lower order than the second. 

69. If the limit of the ratio of two variables is unity, their 
difference is an infinitesimal of a higher order than either ; 
and conversely. 
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Let a = P -\- e; 

then It (a/p) = 1 + It (c/^). 

If lt(a/^) = l, lt(c/i8) = 0; 

hence, by § 68, c is of a higher order than p. 

Conversely, if c is of a higher order than ^, 

lt(c//8) = 0; .\lt(a/^) = l. 

Cor. If arc PP' = t, arc PP' = chord PP' + vi*, where 
n>l. 

Also, if angle u = i, u = sin u + vi^, where w > 1. § 61 

70. Prom sums of infinitesimals of different orders, all infini- 
tesimals of the higher orders vanish in the limit of a ratio, 

For It ^f + rl+Tlf •• =lt^.- §62 

This principle of limits often greatly shortens the opera- 
tion of finding the limit of a ratio, and together with [33] of 
§ 55 furnishes the following simple 

71. Rule for differentiating a function. 

(1) Fi7id the value of the increment of the function in terms 
of the increments of its variables. 

(2) Supposing the incitements to be infinitesimals of the first 
order, in all sums drop the infinitesimals of the higher orders, 
and in the remaining terms substitute differentials for incre- 
ments, 

Eor by § 70 the infinitesimals of the higher orders in a sum 
will vanish in the limit, and by [33] of § 55 differentials will 
take the place of increments in the remaining terms. 

Cor. Anticipating, in step (1), the result of step (2) we 
need to express exactly only those terms of ^f(u) which are 
linear in Aw. (See examples 7-11.) 
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EXAMPLES. 

Uj y, ' ' ' being dffferent functions of x, by § 71 prove 

1. d (uy) = ydu + udy, or [7]. 

A {uy) = (u + Au) (y + Ay) — uy § 8, example 3 

= yAu + uAy + AuAy. 

Let Ax = i ; then AuAy = vi^. Hence, dropping AuA^, and sub- 
stituting d{uy), du, and dy, respectively, for A(u^), Am, and Ay in 
the remaining terms we obtain [7]. 

2. d(u/y) = (ydu — udy) /yS or [9]. 

'u\ _u-\- Au- u __ yAu — uAy 



/M\ _ u-y i^u _ w __ y^u — n^i 
\y/ ~ y + Ay y~~ y^ + yAy 



y2 = ^jo^ and yAy = v^i ; hence, in the sum y^ + yAy, by (2) of 
§ 71, we drop yAy, Substituting differentials for increments in the 
remaining terms, we obtain [9]. 

3. d(au) = adu, or [4]. 5. Formula [8]. 

4. Formula [3]. 6. d(u») = nu*»-idu, or [13]. 

A {u») = (u + Au)» — w* 

, ^ , W (W 1) o . O 1 

= nU^ — ^Au -\ ^-rr — ^ U»— 2^2^2 + • • •. 

.•.d(u») = nu«-idM. 

7. d sin M = cos Mdu, or [17]. 

A (sin u) = sin (u + Ait) — sin u 

= cos M sin Am + sin u cos Am — sin u by Trig. 

= cos M (Am — wi") — (1 — cos Am) sin u. § 69, Cor. 
= cos M • Am — m» • cos u — V2i^ sin u. § (55, example 
.% dsinM = cos MC^M. 

In obtaining the value of A(sinM) we express exactly only those 
terms which are linear in Am ; for by § 70 all the other terms vanish 
in the limit. 

8. <Z cos M = — sin i/dM, or [18]. 9. ds = Vdx- + dy'K 

Let As = arc PP" = i ; § 60, fig. 

then As = c hord PP' + vi\ where n > 1, § 69, Cor. 

= V ax^ + Ay^ + m\ 
/. d% = Vcfoa 4- (2y2. 
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10. Find the differential of the area between the aj-axis, the curve RP, 
or y = f{x), the fixed ordinate II R, and the variable ordinate -MP, or y. 

Let P be any point (x, y) on the 
curve. 

Conceive the area HRPM as gener- 
ated by the ordinate MP, or y, and 
denote this area by A. 

Let MB = Ax ; then Ay = DP", 

and AA = MBP'P = yAx + PDP", 

Let Ax = t ; then, siifce 

PDP'<AxAyy PDP' = vi^. 

Hence, AA = yAx + vi^ ; 

.'. dA = ydx. (1) 

If dx = MB, dA = MBDP. 

From (1) the x-rate of ^ is y to 1 of x. 

11. Find the differential of the area of a polar curve. 

Let OB be any fixed radius vector, 
and P any point (/>, 6) on the curve BPb 
referred to the pole and the polar axis 
OX. Conceive the area BOP as gener- 
ated by the rotation of the radius vector 
p, and denote it by -4. 

Let Z. POP" = A^, and draw the cir- 
cular arc PD with as a' centre ; then 

A/) = nr, pAs = PD, 

and AA = OPP" = OPD + DPP" 

= ip^Ae + DPP'. 

Let Ae = i; then, since DP'P < pAd • Ap, 

DPP" = vi2. 
Hence, AA =.ip^Ae + vi2 . 

.-. dA = ip2(2^. (1) 

If de = ZPOP", dA = the circular sector OPD. 
From (1) the ^rate of A is p2/2 to 1 of 6, 

12. Prove the theorem in § 70 by § 63. 

13. If an infinitesimal be multiplied or divided by any finite quantity, 
the order of the infinitesimal is not changed. 
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72. Orders of infinites. The reciprocal of an infinitesimal 
of any positive order is an infinite of the same order ; hence, 
the different positive orders of infinites may be regarded as 
negative orders of infinitesimals ; and conversely. 

According to the notation in § 65 we may write the different 
positive and negative orders of infinitesimals as below: 

v_^i-% • • •, v_^i-^y 'V-i^~\ vi^ ^i**S Vzi^) ' ' ' V'**> (1) 

where the negative orders of infinitesimals are positive orders 
of infinites. 

Let oa = t-^ ; then the series in (1) becomes 

where the negative orders of infinites are positive orders of 
infinitesimals. 

Infinitesimals and infinites of all orders are variables whose 
general laws of combination are the same as those of finite 
quantities. 

An infinite or an infinitesimal of the zero order is a finite 
quantity. 

Cor. The product of an infinitesimal and an infinite of the 
same order is a finite quantity ; for 

When i is indefinitely small each term in (1) is indefinitely 
small in comparison with the one which precedes it, but indefi- 
nitely large compared with the one which follows it. 

73. 00° '0 = 0, where n is any positive number. 

Let ooi'" = t;, (1) 

where neither v nor its limit is zero, and m is any positive 
number. 

Since ^"^ • = 0, it evidently follows that 

oo*» • = 00" (i"^ 0) = (xi"*)" • 

= v» • = 0. by (1) 

By Cor. of § 72, oo in (1) denotes an infinite of the mth order. 
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Cor. 00°= I and i ** = i. 

For log (oo*') = log 00 

= 0oo = 0; 

Again log (1 * *) = db oo log 1 

= dboo-0 = 0; 
.-. 1** = 1. 

74. c^, or absolute infinity. The expression a/0 fre- 
quently occurs in mathematics. The question arises, What 
does the expression a/0 (written as one symbol cp, which is 
read * a-by-zero ') symbolize ? 

Any power of an infinite expresses no part of a/0 as a 
quotient ; for, by § 73, oo** into the divisor equals 0, or no 
part of the dividend a. Since cp symbolizes that of which 
no part can be expressed by any power of a mathematical 
infinite, it must symbolize that wliicli transcends all mathe- 
matical quantity, or absolute infinity, of which we can have 
no positive idea. 

Since op is not a mathematical quantity, it is not subject 
to mathematical .laws, and the expressions 

ap/ap, op '0, op — op, ap^, 1^ 

are indeterminate forms. See Chapter V. 

We would naturally conclude that 

2/0 = 2 (1/0), 3/0 = 3 (1/0), • • •. 
But tan(;r/2) = 1/0, or 2/0, or 3/0, • • •. 

The inconsistency of these results illustrates the impossibility of reason- 
ing with the symbol ap. 

Sometimes when one of two related variables assumes the form cp, we 
know the value of the other. 

For example, when tan = c^, i.e. when tan assumes the form cp, 
we know that is coterminal with ;r/2, or 3 ;r/2 ; and conversely. 

When cot = c^, we know that <j> is coterminal with or it. 

If, when X = c,f(x) ziO/a = 0, the reciprocal oi f(x) as- 
sumes the form a/0, or op, when x = c. 
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76. In this chapter, to obtain the ratio of differentials, or 
the ratio of rates, we employ infinitesimal increments of 
variables as auxiliary quantities. The division of infinitesi- 
mals into orders affords clear and brief statements of prin- 
ciples of limits which greatly abridge and simplify the work 
of finding the ratio of differentials. In this as in the previous 
chapters, differentials are regarded as finite quantities. 

76. Limit in position. When according to its law of 
motion a point, or line, approaches indefinitely near and con- 
tinually nearer a fixed point, or line, but can never reach it, 
the fixed point, or line, is called the limit of the variable 
point, or line. 

For example, when in § 60 arc FF' = 0, the fixed point P is the limit 
of P', and the tangent FB is the limit of the secant FF". 

Whether the word limit has reference to magnitude or to 
position will always be evident from the context. 

EXAMPLES. 

1. When a == c, a/ (x — c) = ± oo ; when a = c, a/(x — c) = op. 

2. When x=0, a/x = ± oo ; when a; = 0, a/x — ap. 

3. When = 7r/2, sec = ± oo ; when = 7r/2, sec <f) = ap, 

4. When 0=0, esc = ± oo ; when = 0, esc = ap, 

a /<p{x) ^f{x) 

a/f(x)-<p(x) ^^ 

and f(x) ' [a/ 4) (x)] = af{x)/4) (x). (2) 

If /(c) = <f>(c)= 0, (1) and (2) become respectively 

ap/ap = 0/0, and 0-cp=0/0. 

Hence, any expression in x which assumes the indeterminate form 
ap/ap or 'Op for any value of x can be so transformed as to assume 
the form 0/0 for the same value of x. 

6. When Ax = 0, for what points on the locus of y =f(x) is Ay /Ax 
infinitesimal? infinite? finite? 



CHAPTER IV. 

SUGGESSIYE DIFFESENTIATION. 

77. Successive differentials. The differential of du is 
called the second differential of w; the differential of the 
second differential of u is called the third differential of u ; 
and so on. d (du) is written d^u ; d (d^u), or d d du, is written 
d^u ; and so on. The figure above d denotes how many times 
in succession the operation of differentiation has been per- 
formed, dti, d^u, d^u, • • •, d^u are called the successive differ- 
entials of u. 

The dift'erential of an independent variable, being arbitrary, 
is supposed to have the same size at all values of the variable. 

Hence, when (as in this chapter) x is independent, dx is to 
be treated as a constant in successive differentiation. 

Ex. Find the successive differentials of u when u = ax*. 

du = 4 ax^dx ; 

cl^u = 4tadx'd(x^) = Uax^dx^-; 
dhi = 12 adx!^ • d (x^) = 24 axdx^; 
d% = 24 adx* ; d^u = 0. 

Note that d^unddu; du^ = (du)^ ; d {u^) = 2 udu. 

EXAMPLES. 
Find du, d^, and c^, when 

1. w = 6x8 + 2x2 — 3x. #w = 30(Zx8. 

2. w = (x2 — 6x + 12) e^. d^u = xVcZx^. 

3. M = x2 logx. d^u = 2 x-i dx^. 

4. w = log sinx. dhi = 2 cosx sin-^xcZx^. 
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5. u = tan X. 

6. y = log ox ; find d*y, 

7. y = e-* cosx ; find d*y. 

8. y = e* sin X ; find #y. 



d^u= (0 sec*x — 4 sec^x) dx*. 
d4y= — Gx-^dx*. 
d*y = — 4 e-* cosxcZx*. 
d^y = — 8 e* cosxdx®. 



78. Successive derivatives. The derivative of the first 
derivative of a function is called the second deAvative of the 
function ; the derivative of the second derivative is called the 
third derivative ; and so on. 

When X is independent, 

d dud^u d d^udht d d^~^u_d^ 

dx dx" dx^ dx dx^ ~ dx^ ' dx dx^~^ ~" dx^ 

Dividing by dx^ both members of the answers to examples 1-6 in § 77, 
we obtain in each case the third derivative of u with respect to x. 

The successive derivatives oif(x) are denoted by 

f\^), r(x), r\x), r\x), . . ., f%x). 



Thus if 



f(x) = x4, r (X) = 4 x3, r' (X) = 12 x2, 
/''' (X) = 24 X, f^y (X) = 24, fy (X) = 0. 



Hence, if t* = f(x) and x is independent, 

du ^,, ^ d^H ^„, ^ d^u ^ . V 

Successive derivatives are often called successive differential 
coefficients, 

79. The nth derivatives of some functions can be readily- 
obtained by inspection. 

Ex. 1. /(x) = e^ ; find /» (x). 

r(x) = e^, r'{x) = e^, r\x) =e^, •••;.-. /"(x) = e=^. 

Ex.2. f(x) = a^; find/«(x). 

/'(x) = log a . a^, r'(x) = (log a)^^ /'''(x) = (log afa^, • • • ; 

••• f"(J^) = (log a)"a^. 
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Ex. 3. f(x) = log (1 + X) ; find/»(x). 

r{x) = (1 + x)-i, r(x) = (- 1)(1 + x)-2, 
r\x) = (" 1)2 [2 (1 + x)-8, /i^(x) = (- 1)8 [3 (1 + x)-S 
.../«(a;) =(- l)»-i |ii-l (l + x)-». 

Ex. 4. /(^) = cos ae ; find/«(^). 

/'(^) = — asin a9 = a COS (ad + 7r/2), 

/''(^) = - a^sin (a^ + zr/2) = a2cos (a^ + 2 • ;r/2), 

/'''(^) = - assin (a^ + zr) = a^cos {ad + S- 7r/2), 



.•./»(^) = a» cos (ad + 71' 7r/2). 



80. J^acA of the successive derivatives of f (x) equals the 
x-rate of the preceding derivative. 

For f\x) = df- \x) /dx = the £c-rate of /«" \x). 

Cor. f^~^(x) is an increasing or a decreasing function of 
X according as f\x) is positive or negative ; and conversely. 



EXAMPLES. 
' 1. f(x) = cx8 + ax2 + a. /'''(x) = 6 c, /i^(x) = 0. 

Here/''(x) changes at the rate of 6 c to 1 of x (§ 80). 

' 2. /(x) = x6 + 4x* + 3x + 2. /^Haj) = l^. 

■ 3. /(x) = X logx. /»(x) = (- l)«-2 |n-2 xi-«. 

Here/»-i(x) changes at the rate of (— l)»-2 |n — 2 x^-» to 1 of x. 

4. f(x) = ax*». /"(x) = am (w — l)(m — 2) • • • (m — w + l)x*»-». 



5. /(x) = x^ log X. 

6. y = log(e* + c-*). 

" 7. /(x) = Jx8(logx-6/6). 
^' 8. /(x) = (x2 - 3x + 3)e2^. 
9. /(x) = X* log X. 



/'▼(x) = 6x-i. 

dxs ~ (e^ + e-*)8 

/n(x) = (- l)n-4 |y^-~4 x8 

/'''(x) = 8x2e2^. 
fyi(x) = - 14 x-2. 



— n 
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" 10. f(x) = X', r\x) = a^ (1 + log x)2 + x*-i. 

^^ 1-x dc* (l-x)6 



V 



12. /(x) = ef^, /«{x) = a»e«*. 

"^ 13. f(e) = sin a ^. /»(^) = a» sin (o^ + n • n/2), 
' 14. /(x) = (1 + x)"». /«(x) = m (m — 1) • • • (m — n + 1)(1 + x)«-«. 

V 1 d"!/ (— l)»4«[n 

2-x d'»y (-l)»4ln 

* ^ 2 + x dc* (2 H-x)*»+i 

■ 17 _ 6g-l . dny_ -6(-l)»3»[n 

■ ^ 3x + 2' dx» (3x + 2)»+i 

18 « = — ? *l = /_iw2»|n/ ^- '^ \ 



Prove each of the following differential equations : 

19. When u = Vsec 2 x, d?u/dx:^ = 3 u^ — w. 

du sec 2 X tan 2 X 

— = . — = u tan 2 X. (1) 

dx Vsec 2 X 

.-. -T-^ = tan 2 X — + 2 u sec^ 2 x. 

= u tan22x + 2u sec22x. by (1) 

= u (sec2 2 X — 1) + 2 u sec^ 2 x = 3 u^ — w. 

* 20. When w = e^ sinx, ^-2^+2u = 0. 

dx2 dx 

21. When w = a sin (logx), x^j-r + x— + w = 0. 

ox uX 
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^ 22. Wheny = e<^^sinwix, ^— 2c^ + (c2 + m2)y = 0. 

«/ cPu du 

-23. When y = sin (sin *)» T^ + ;p ^i^^j + y cos^x = 0. 

24. When u = cos (a sin-i x), (1 — x^) — — x — + aH = 0. 

^ 25. When w = (sin-ix)2, (1 - x2) ^ - x ^ = 2. 

26. When y = ^ (e^/a + c-*/«), ^ = -^,- 

2 ^ ' dx^ a^ 



Of each of the following implicit functions obtain that derivative v^rhich 
is given at its right : 

27. If y2 = 2xy — c, d^/dx^ = c/(x — y)K 

d(y^) = d(2xy^c; .'. | = ^- d) 



d^ (^-)|-Kl-0 ^ ^-l 

* • (2X2 (y - a;)2 (y - x)2 

From (1), (2), and the given equation, we obtain 

d2y _ y2 — 2 X 2/ __ c 
dx2 "" (y — x)8 ~ (X — 2^)8* 

28. If y^ = ^px, d^y/dx^ = 2^p^/y^, 

dy/dx = 2p/y; 

'' . ^y -- — 2p(dy/(fa;) __ _ 4p2^ 

•'' (Zx2 ~ 2/2 - 2/8 * 

cgsy _ 12y^^{dy/dx) __ 24 p8 

dX^ 2/6 y6 

29. If x2 + 2/2 = r2, d'^y/dx^ = - r2/2/8. 

30. If 2/8 = a2x, d-y/dx'^ = — 2 a* /^ 2/^. 

" 31. If x2/a2 + 2/V&^ = 1» d*22//dx2 = - 6*/aV. 
'32. IfxVa2-2/V^^ = l» ^^/«^^=-&VaV. 



(2) 
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v' 



33. Ify2 = _j5 — >^^ = ±-7 

2a- X dx2 vx(2a — x)6 

34. If x2/8 + y2/8 = a2/8^ d^/dx^ - a2/»/3yi/8x*/». 



35. If y2_-2axy + x2 = c, 

d^ _ (g^— l)(y2 — 2axy + x2) _ c(a2 — 1) 
^2 — (y — ax)'* (y — ax)« 

^36. If y8 + aj8 = 3axy, d2y/<^^=--2a8xy/{y2 — ax)». 



37. lfC- + i'-Xy,^2- ij2(y-l)8 



81. Leibnitz's theorem is a formula for the nth differential 
of the product of two variables. 

Let u and v be functions of x ; then 

d (uv) = du'V -\- udv. (1) 

In general, du and dv will be functions of x ; hence, 
d^ (uv) = c?w ' V -\- du dv -\- du dv -\- u d^v 

= d^u 'V -\-2dudv -\- u d^v, (2) 

.-. d^(uv) = d^u ' V -\- S d^udv + S dud^v -^ud?v, (3) 

The coefficients and the exponents of operation in (2) and 
(3) follow the laws of the coefficients and exponents in the 
Binomial Theorem. However far we continue the differen- 
tiation, these laws will evidently hold ; hence, we have 

n in — 1^ 
d*'(uv) = d^'u • V + nd^-^u dv H — ^^-j-^r — ^ d'^'^u d^v + • • • 

+ 71 dii d^~^ V + u d^v, (4) 
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EXAMPLES. 

1, Find d!6(c«^ a;2). 

Here u = e"*, d»u = a^e^ dx^ ; 
and v = x^, dv = 2xdx, dH = 2 dx^, d^v = 0. 

Substituting these values in (4), we obtain, when n = 6, 

= a^e^ (a2x2 + 10 ax + 20) dx^. 

2. Find d" (x^ sin ox). 

Here u = sin ax, d»M = a« sin (ox + n • 7t/2) dx*» ; 
and t? = x2, di? = 2 X dr, d'^y = 2 dx% d^v = 0. 

Substituting these values in (4), we obtain 
d» (x2 sin ax)/dx" = x^a" sin (ox + n • 7r/2) 

4- 2 wxa»-i sin [ox + (n — 1) ;r/2] 

+ ?i (n — 1) tt»-2 sin [ax + (n — 2) ^/2]. 

^ 3. d" (xe^) = e^(x + n) dx»». 

4. d^ (x2e«^) /dx« = a«-2 gnx [^2x2 + 2 anx + n (n — 1)]. 

^5. d» (x2a^) = a* (log a)»-2 [(x log a + n)2 — n] dx». 

6. d'»(x2 logx) = 2 (— l)»-i |n — 3 x2-wdx». 

82. Acceleration is the time-rate of the velocity v. 
Hence, if s = the distance, and a = the acceleration, 

ds d ds d^s 



EXAMPLES. 

1. A point moves along the arc of the parabola y^ = ipx with the 
constant velocity u' ; find its acceleration in the direction of each axis. 

From example 20 of § 36, we obtain 

dx yv^ dy _ 2pv' ^ 

dt ~ V//--2 + ^p^ dt V//2'4- 4p2 

d2x __ 8pV2 a^ __ 4p2yi/2 



dt'i (2/2 + 4p2)2 ^2 (y2 + 4p2)2 
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The velocities in the directions of the axes are the time-rates of x 
and y in the first quadrant. 

Since d^/dt^ is positive, the velocity in the direction of the aj-axis 
continually increases. 

Since for y positive d^/dP is negative, the velocity in the direc- 
tion of the y-axis is constantly decreasing. 

V 

2. Find the accelerations required in example 1, when the path of the 
point is 

^ (1) an arc of the circle x^ -\-y'^ = r^, 
(2) an arc of the ellipse -^ + r;^ = 1» 

^ (3) an arc of the hyperbola — — —=^ 1. 

3. If 8 denotes the number of feet a body falls in t seconds, and 
gr = 32.17, s = gt^/2 is the law of falling bodies in a vacuum near the 
earth's surface ; find the velocity and the acceleration. 

Ans. V = ds/dt = gt; a — d'^s/dt^ — 9^^ constant. 

4. Given s = ct^^^\ find v and a at the end of four seconds. 



CHAPTER V. 

INDETEBMINATE FOBMS. 

83. The value of a function of a; for a; = a usually means 
the result obtained by substituting a for x in the function. 
When, however, this substitution gives rise to any one of the 
indeterminate forms 

0/0, op /op, O-ap, ap-apy 0^ ap'^y 1% 

the definition given above is inapplicable and must be enlarged 
as below : 

The value of a function for any particular value of its 
variable is the limit which the function approaches when the 
variable approaches this particular value as its limit. 

This definition is of general application, but it is practically 
useful only when the ordinary and simpler definition fails. 

f(x) is often written without the parentheses, as fx. 

The expression /aj]„ denotes the value oifx when x = a, 

EXAMPLES. 

By principles of limits prove that 

'"1. (x-a)i/V(«2-a2)i/4]^ = 0. 

Wlienjc = a this fraction assumes the indeterminate form 0/0. 
Hence, to evaluate it for x= awe must find its limit when x = a. 
For values of x other than a, we have 

(x-ap/8 ^ (x-a)^^^^ _ (a;-a)i/i2 

limit r (x-a)^/8 -| _ limit r (x-a)^/i2 -i _ _0_ _, ^ 

That is, the given fraction equals zero when x = a. 
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■ 4 (gg - x^y /2 + (g - X) -i _ V2a 
(g-x)i/2+ (a8-x8)i/0« l + gVs 

5. (1 — cos e) /sin ^]o = 0. 

For values of 6 other than zero, we have 

1 — cos^ 2sm2(^/2) , e 
=r i— i — = tan- • 

sin ^ - 2 sin (0/2) cos (6/2) - 2 
limit rl— cos^i limit r ^T /^ 

•••^=oL"^sT~J = ^=or"2j=^- 

84. For evaluating a fraction when it takes the form o/o, 

the Calculus furnishes the following theorem : 

When ^ assumes the form -^ ^^— \ = ^^—— 

By [33] of § 65, the limit of the ratio of increments equals 
the ratio of differentials ; hence, 



.imit V f{x + ^x)-fx '^ _ fx - dx _ f^ 
a? = [_</> (a; + Aa?) — </>x J </>'a; • dx '~~ </»':; 



Substituting a for x and remembering that /a = </»a = 0, we 
obtain 



imit Vfia+^^^l^fa^ ^^ ^"1 ^f^ 



limit 

Ao; 



If f'x/<^'x\ also assumes the form 0/0, by the principle 
just proved we have 

and so on, until we obtain a fraction which does not assume 
the form 0/0 when x = a. 
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EXAMPLES. 
1. logx/(x~l)]i = l. 

logxT _ logx "I _ l/g "! __ 

x-lJi-O' •'•x-lJi~ 1 Ji"^- 



§84 



2. (l-cosa;)/x2]o=l/2. 
1 — cos X 



X2 

cosx 



]__ 1 — cosx "! — ^BJf\ — 2 
o""0^ •*• x2 Jo"" 2xJo"'0' 



sinx"! __ cosx "! _ 1 1 — cos x "| _ 1 
2xJo~ 2 Jo"" 2' x2 Jo"" 2 



3. 



4. 



x-1 



-iJi n 

-1=2. 
Jo 






^ /sinnx\»»'l 



sm X 



10. 



X 
X2 — X 



^e, e^ — e-* — 2x 
5. : 



6. 

7. 
8. 



Jo 6 



x — sunx 
a» — 

X 

X — sin— 1 X 



12. 



1 — » + log xj 1 ™' 

]=2. 

Jo 

tan X — sin x"| _ 1 
Jo~2' 



^ 11 a?log(l +g) 
1 — cos X 



sin^x 



sin^x 

dX+l — lyc+l 



x + 



^_=log^. 14. 



X^ — X "I _ __o 

1— x + logxJi~ 

1 =- 

Jn/^ 2 



sec^x — 2 tan x' 



1 +cos4x 



A 



85. When - — i assumes 



] 



theform^'^l^^l' (1) 



When 






§74 



limit r i//x "1 ^ limit rra; / (fxy l 
Hence, ^ ^ ^ [_i / ^^ J - ^ ^ ^ [_'^r^/ (^^)2 J 



§84 



limit 

X 

If two variables have equal limits, any equimultiples of 
these variables have equal limits. 

Hence, multiplying by (/ic)^/(</>aj)^, we obtain 

limit 

X 



limit Ff^n limit F/'^"! ^^x 
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EXAMPLES. 
L CSC 2x/csc 5»]o = 5/2. 

CSC 2 X sin 5 X , 

z— z:- . ,^ = r when x = 0. 

CSC 5 X sin 2 X 

CSC 2 x "| __ si n 5 x "| __ 5 cos 6 x "! __ 5 
" CSC 6 X J — sin 2 x J o"" 2 cos 2 xj o"" 2 ^ 

Here wo transform the given fraction into an identical fraction 
which assumes the form 0/0 when x = 0. 

2. logx/cscx]o = 0. 

cscxJo op cscxJo — cscxcotxjo 

]_. — singx "! __ ^ 
o"" xcosxJo"" 

in^x"! — 2 sin X cos xT . „ ^, 

= : =0. §84 

)s X J COS X — X sin X J 



op 

1/x — sin'-^x 1/x n — sin^x' 

— CSC X cot X ~ X COS X ' " — CSC X cot X. 



Here we derive a new fraction by § 85, and transform that into an 
identical fraction which assumes the form 0/0 when x = 0. 



logx~| _ 
cot 



q=0. 6.-5^-1 =-3. 

XJo S0CoXj,r/2 

. ^ tanx -l ^3 log(l- x)-| ^ 

tan3xj7r/2 * ' sec(;rx/2)Ji 

tanx jir/2 ' ' logtanxJ,r/2 

10. t^n^^l =2. " 11. liii'?J=-+'"^«n =1. 

X — smxJo smx + cosx — lJ,/2 

86. The forms • c^ and op — ap. A function of x which 
assumes the form ^-ap ox ap — ap when a; = a is evaluated by- 
first transforming it into an identical fraction which will 
assume the form 0/0 or ap jap when a; = a. 
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EXAMPLES. 

>^ 

1. (1 —«) tan(;r»/2)]i = 2/;r. 

Taking the reciprocal of the infinite factor, we have 

(1 - »')tany = 33j^^^^ = 5 when x = 1. 

2. sec 3x cos 7x]7r/2 = 7/3. 5. sin » log jc]o = 0. 

3. (l-tanaj)sec2x],r/4 = l. ^ ^' ^^ogx]o = 0. 

.,, • -<*•*. ^v ^ r 2 1 "I 1 

4. tan»logsinx],r/4 = 0. 7. L^ni; ~ ^^TJ J ^- ~ 2 * 



2 1 1-x , 

= - when X = 1. 



x2— 1 X — l~x2 — 1 



8. I , , I = — 1. 10. I X tan x — - sec x I = — 1. 

LlogX lOgxJi L 2 J,r/2 

Lsin^x 1— cosxJo~2" * ^\ x/J„"~" 



Limit 

X 



87. The forms 0^, cp^y and 1*^. When for a; = a, a func- 
tion of X assumes one of the forms 0^, c^^, or 1 =*= ^, the loga- 
rithm of the function will assume the form ± • o^, and can 
be evaluated by § S6, From its logarithm the value of the 
given function can be obtained. 

EXAMPLES. 
1. X^]o = 1. 

log (x^) = x log X = —O'Op when x = 0. 

X log x]o = 0. § 86, example 6 

.'. log x^]o = ; .-. x^]o = 1. 

log(l+-V1 =xlog(l+^)'| =a. § 86, example 11 



1(30 ■» — /^ .JQO 
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3. x""-^]o = 1. 

4. (siiia;)'an']7r/2 = 1. 

6. (cos 772a;) "^^]o = 1. 

^ 7. x«^-i]o = l. 



8. (1 + aa;)i /']o = e«. 

^9. (logxK]o=l. 

11. (cos2a;)i/^]o = e-«. 

'12. (loga;)^-i]i = l. 



88. Evaluation of derivatives of implicit functions. 

When y is an implicit function of a;, its derivative, though 
containing both x and ?/, is a function of aj. Hence, when the 
derivative assumes an indeterminate form for particular values 
of X and y, it can be evaluated by the previous methods. 

EXAMPLES. 
1. Find the slope of a^ys _ ^2x2 - x* = at (0, 0). 

Here 



ay 2a2a; + 4x8 ^ 

Sc= 2a-^ =5, whenx = 2, = 0. 



^"1 _, 2a2a + 4an _ 2fl^jM2x2-| _ 1 n 
' ax\ 0,0 ~ 2 d-y J 0,0 ~ 2a2 • dy/dxj 0,0 ~~ dy/dtej 0,0 * 
.-. (dy/dx)-]o,o = 1, or dy/cU]o,o = ± 1. 

2. Find the slope ofy^ = az- — x^ at (0, 0). 



Here 



n _ 2ax-- 3x2 -1 _ 2a — 6 x "I 
do,o~ 32/- J 0,0 ~ 6 2/ -dy/^ J 0,0' 

' \dx/ Jo,o~ 02/ Jo,o~ "~^' cZxJo,o~~ ^* 

3. Find the slope of x^ — 3 ox?/ 4- 2/^ = at (0, 0). 

Ans. dy/dx]ojo = or op. 

4. Find the slope of x* — a^y + h-y^ = at (0, 0). 

Ans. dy/dx]o^o = or a^/b^. 



5. Find the slope of {y^ + x2)2 — axy^ — 2 ox^ 4- a^x^ = at (0, 0) 
and (a, 0). Ans. dy/dx]o,o = ±ap; dy/dx]a,o = ± 1/2. 



CHAPTER VI. 

EXPANSION OF FUNCTIONS. 

89. A series is a succession of terms whose values are all 
determined by any one law. A series is finite or infinite 
according as the number of its terms is limited or unlimited. 

The sum of a finite series is the sum of all its terms. 

The sum of an infinite series is the limit of the sum of its 
first n terms as n increases indefinitely. When such a limit 
exists, the series is said to be convergent ; when no such limit 
exists, the series is divergent and has no sum. 

For example, the series 

1 + 1/2 4- 1/4 + 1/8 + • • • + l/2«-i + • • • 

is convergent ; for the sum of its first n terms == 2 when n = oo. 
The series 

l-l + l-l+---4-(- l)»-i + • • • 

is divergent ; for the sum of its first n terms does not approach a limit 
when w = oo. 

90. To expand a function is to find a series the sum of 
which shall equal the function. Hence, the expansion of a 
function is either a finite or a convergent infinite series. 

When the expansion is an infinite series, the difference 
between the function and the sum of the first n terms of the 
series is called the remainder after n terms. When ri = oo, 
this remainder must evidently approach zero as its limit. 

For example, by division we obtain 

1 fl"* 

z:14-x4-x2 4-x8 4---- + x"-i + , — • (1) 



1 — X 1 — X 



i 



D 
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Here x"/(l —x) is the remainder after n terms. When n = oo and 
» >« — 1 and -< 1, this remainder = 0, and therefore the sum of n terms 
of the series = the function ; but when n = oo and » >« 1 or «< — 1, the 
remainder increases arithmetically, and therefore the sum of n terms of 
the series diverges more and more from the value of the function. 

Hence, the series in (1) is convergent and its sum equals the function 
only for values of x between — 1 and + 1. 

Some functions may be expanded by division, as above ; 
some by indeterminate coefficients ; others by the binomial 
theorem ; and so on. The binomial theorem, the logarithmic 
series, the exponential series, etc., are all particular cases of 
Taylor's theoreniy which is stated and proved in § 92. 

For the proof of this theorem we need the following lemma : 

91. Lemma. If <t>z and <t>^z are each continuous hetiveen a 
and a + h, and <f>a = <f>{a + 1i) = \ <f>z must equal zero for at 
least one value of z between a and a + h ; that is, <f>(a + Bh) = 0, 
where $ is some positive proper fraction. 

For if <j>z is continuous and ft>a = <f> (a -\- h) = \ then, as z 
changes from a to a + h, <l>z must first increase and then 
decrease, or first decrease and then increase ; hence, <^'^ must 
change from + to — or from — to + ; and therefore, if con- 
tinuous, it must pass through for some value of z between 
a and a + h. Denoting this value oi z hy a -\- Oh where has 
some value between and + 1, we have </>'(« + Oh) = 0. 

92. Taylor's theorem. Whe7ifz,f%f"z, - • •,/*•« are each 
continuous between x and x -\- h, 

fix + h) = 

fx+f'x^-^rx^^+--+r-'x^^+r(x+oh)^^ 

where the la^t term is the remainder after n terms, and is some 
positive proper fraction. 
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Let Fh!'l\n denote the remainder after n terms when x=^a\ 
then we have 



We proceed to find the value of P. 

Putting A = & — a in (1), and transposing, we obtain 

p, -fa -fa ^ -f"a ^' - /'"a ^±=^ - • • • 



Let <^^ represent the function of z obtained by substituting 
z for a in the first member of (2) ; then 

<l>z =fb -fz -fz— /"« |2 

-f-.^i^iirii-r^. (3) 

Differentiating (3) to obtain <^'^, we find that the terms of 
the second member destroy each other in pairs with the excep- 
tion of the last two, and obtain 

71 — 1 \n —1 ^ ^ 



By hypothesis /^, f'z, • • •, /".t; are continuous between a and 
a-\- h] hence, from (3) and (4), it follows that <j>z and <^'« are 
continuous between a and a + h. 

Putting a for z in (3), by (2) we have Kf>a = 0. 

Putting b for z in (3), we liave <^5 = 0, t.e. </> (a + h) = 0. 

Hence, by § 91 we have 

4>\a-^eh) = 0, (5) 

where denotes some positive proper fraction. 
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Putting a + $h for z in (4), by (5) we obtain 

Substituting this value of F in (1), and then putting x for 
a, since a is any value of x, we obtain (A). 

Formula (A), called Taylor's theorem, was first published \)y 
Brook Taylor in 1715. 

Cor. 1. Putting x = in (A) and then substituting x for 
hy we obtain 

/a5=/0+/'0j+/"0|+---+/-'0j^+/-(ex)|- (B) 

Formula (B), called Stirling's or Maclaurin's theorem, was 
first given by James Stirling in 1717. It is a special case of 
Taylor's theorem. 

Cor. 2.* Denoting the remainder after n terms in (A) by 
Bj,, and in (B) by Bj^, we have 

Br=r(=o + Oh)^, B^ = f(Ox)^- (6) 

The form of i^^ in (6) is due to Lagrange. 

Cor. 3. If Bj. = when n = oo, the series in (A) is the 
expansion oif(x-\-h). If Bjf = when w = oo, the series in 
(B) is the expansion oifx. 

Cor. 4. When we take the sum of the first n terms in (A) 
as the value oif(x-^h), the error lies between 

/"(a:) • 7t«/[ri and /«(aj + h)h''/\n. 

When we take the sum of the first n terms in (B) as the 
value of /(aj), the error lies between 

/" (0) x^'/ln and /*» (x) a;"/ \n. 

* Cors. 2, 3, 4, §§ 93, 96, and the proofs for convergency in §§ 94-98 
may be omitted in the first reading of this chapter. 
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/>»W tV 'V ^H* 'T* Of* '>• 

93. Since — = -.-.- . -, 

\ri 123 n — 2n — ln 

a;"/[w = when x is finite and n = cc. 

Cor. When n = oo and x is finite, 

B>p = when/*»(ic + Oh) is finite, 
and Bjf = when /" (Ox) is finite. 

94. To expand sin x a^id^ co5 x. 

Sin x is a particular case of fx ; hence, to expand sin x we 
use Maclaurin's theorem, or (B). 

Here fx = smx, .\fO = 

f'x = cosx, .\f'0 = l 

f"x = -amxy .•./"0 = 

f"x = - cos X, . • . /'"O = - 1. 

Since f^^x = sin x =fx, 

the four values given above will recur in sets. 
Substituting these values in (B), we obtain 



r^ ^ x'^ x\ . (- l)»-^ar^»-i . 



(1) 



The Tith term in (1) is readily written out by inspection. 

Proof of (1).* Since f^x = sin (x + n- '7r/2), fx and all its 
successive derivatives are continuous and finite for all values 
of X, Hence, by Cor. of § 93 and Cor. 3 of § 92, the series in 
(1) is the expansion of sin x for all finite values of x. 

* For a discussion of convergent series consult Taylor's ** College 
Algebra," Osgood's *' Introduction to Lifinite Series,'' or some more 
extended work on the Calculus. For the proof of convergency the scope 
of this work limits us to the use of the remainder after n terms in (A) 
or (B). 
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In like manner we obtain and prove 

, x',x* x' . (-a^-' , .„. 

cosa, = l-^+^-^+.-. + |^^ + ..-. (2) 

Identity (2) could be obtained by differentiating (1). 



95. To deduce the exponential series. 



\2 ■ ' \n-l 



(1) 



Proof of (1). Here f"x = (log ay a'. 

Hence, when a is positive, fx and all its successive deriva- 
tives are continuous for all values of x. 

T^ /w.^/1 v^" ('a:loffa)** ^ 

When X is finite, a^^ is finite. 

By § 93, (a; log a)"/[7i = when n = cc and a? log a is finite. 
Hence, i^j^ = when n = <x> and aj is finite. 
Therefore, the series in (1) is the expansion of a* when a is 
positive and x is finite. 

Cor. 1. Value of e^. Putting a = e in (1), we obtain 

/y 0** /y" 'V* /ytl^~X 



Cor. 2. Value of e. Putting a? = 1 in (2), we obtain 

e = l + l + | + ^ + ^ + --- + ^ + ---. (3) 



n 



= 2.718281- • •. 

96. Second form of remainder. If we denote the remainder 
after n terms in (1) of § 92 by Fih, and proceed as before, we 
obtain 
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97. To deduce the logarithmic series, 

loga(l+^)=^(^^-2+3 -^^ n ■^••7 (1) 

Proof of (1). f'x = (- lY-^ \n-l /(l + x)\ 

When a; < — 1, log (1 + x) has no real value. 
When x = — 1, the odd derivatives are discontinuous. 
When x> — l,fx and all its successive derivatives are con- 
tinuous. 

Using the second form of B^, we obtain 



_ x-Ox 



"if 



; 1-6 



The second factor in R^ is finite, and the first factor = 
when n = oo and x >• — 1 and < 1 ot x = l. 

Therefore, the series in (1) is the expansion of log (1 + x) 
when x'> — 1 and < + 1 or a; = 1. 

We cannot, therefore, use (1) to compute the logarithms of 
any number greater than two. 

Cor. 1. To deduce a formula for computing a table of loga- 
rithms, we put — X for oj in (1) and obtain 

log,(l - x) = m(- X -J -^ -J -h • ' • V (2) 

Subtracting (2) from (1), we obtain 

log„^=2«.(. + f + f + f +...). (3) 

Substituting in (3) the values in (4), we obtain 

log„^ = 2m(2^ + 3^^, + ...). (5) 
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.Mog„ («+ 1) = log„« + 2 «t(2^ + 3(27+1)5 +•• •)• 



(6) 



When ;s;>0, 0<a;<l; hence, the series in (6) is conver- 
gent for all positive values of z, 

Log„(;5; + 1) can be readily computed when log^^ is known. 

Cor. 2. If m = 1, a = e and (5) becomes 

Dividing (5) by (7) and denoting (z -f 1) /« by N, we have 
logoiV/ log N = my or log^ N = m log N. (8) 

Cor. 3. Value of m. Putting N= am (8), we obtain 

1 = m log a, or m = I /log a. (9) 

Cor. 4. Value of M. If M denotes the modulus of the 
common system whose base is 10, from (9) we have 

^ = b|lO = 2:30^6 = «-*'^^294-.-. 

98. To deduce the binomial theorem, or 

{x + hy = a"* + maj"*-^ h -\ \j. ^ • x'^'^h^ 



. m (m — V) (m, — 2) „ , , . 
_j V ^_v L ajm-37^3 + . . . 

-71—1 



(1) 



{x + 7i)"* is a particular case of f(x + A) ; hence, to expand 
(x + hy^ we use Taylor's theorem, or (A). 
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Here f{x -f A) = (x + hy ; ,\fx = a;"», 

/'"a; =zm(m — 1) (m - 2) x'"-3, 

• •••••• 

/*»-^aj = m(m — 1) • • • (7?^ — ti + 2)ic*"-"+^ 
Substituting these values in (A), we obtain (1). 

Proof of (1). /"a; = m (m — 1) • • • (m — 7i + 1) a;"*-". 
Hence, fx and all its successive derivatives are continuous 
for all values of x. 

Using the second form of Bj,, we obtain 

_ 7n(m — 1)' ' • (m ~ y^ + 1) f^^~~ ^^^ 



n 



\x^-eh)' i-e" 



When x'> h arithmetically, and n = co, the product of the 
first and second factors = ; hence, Rj. = 0. 

Hence, the binomial theorem holds true when the first 
term is greater than the second arithmetically. 

When m is a positive integer, we obtain 

hence, in this case, the expansion in (1) is a finite series of 
m + 1 terms. 

99. Failure of Maclaurin's theorem. The successive 
derivatives of log x are op and discontinuous when a; = ; 
hence, (B) fails to expand log x. 

For a like reason, (B) fails to expand 

cotx, CSC a;, vers~^a5, a^/% sin(l/a;), • • •. 

When (B) fails to expand fxy (A) will fail to expand 
f(x + h) for x = 0. 

For example, when x = 0, (A) fails to expand log(x 4- ^), cot (x + h)^ 
vers— i(x+ h)^ • • •. 

(A) may fail to expand /(aj + h) for other values than a; = 0. 
The limits between which any expansion holds true should 
be carefully determined. 
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EXAMPLES. 



>/ x' 2x5 17 x^ 

1. tan* = x+3+ ^ + "3^6 + 



y^ X' X^ X^ X® 

. 2- tan-'x = x-3 + g-y+g- 



• • • • 



Here /'x = (1+ x2)-i = 1 - x2 + x* - x^ + 
.•./"x = — 2x4-4x8 — 6x5 + • • •, etc. 

. . . , 1 x8 1-3 x6 . 1-3-5 x7 , 

3. 8m-ix = x + -.-3+ — •- + ^^^.y+.... 

4. From the series in example 3 find the value of ir. 

Putting X = 1 /2, we obtain 

. _,1 _^_1/. , 1 , 3 6 \ 

^'"^ 2~G~2V"^24"^640"^7168"^" 7' 
.-.IT = 3.141592- • •. 

V _ ^ , x2 , 6 X* , 61 x^ , 

6. 6.- = l+X + ^--j^ + — --jg-+--.. 

2p2 x^ X* 

7. log (1 + sinx) = X -- + -- — +•• •. 

8. sm (x + h)= smx(^l -Tg+jI^Te"^*") 

+ eosx(;i-^ + |^--^-+.-.) 

= sin X cos h + cos x sin h, § 94 

9. cos (x + ^) = cos X cos ^ — sin X sin h, 

"■ 10. l0ga(X + A) 

^ \x 2x2 3x8 ijx'* / 



\ 
V 
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11. a-.* = a:^(i+^ + i?^+... + l^^M^ 

12. log(l+c^) = log2 + | + |-^+---. 

13. If /x =/(— x), the expansion of /x will contain only even powers 
of X ; while if /x = — /{— x), the expansion of /x will involve only odd 
powers of x. 

14. What powers of x will appear in the expansion of sinx? cosx ? 
tanx? secx? sin-ix? tan-^x? {^ +!)/(&' — 1)? 

15. Eegarding h as an increment of x, find from (A) the value of the 
corresponding increment of /x, h being reckoned (1) from any value of x, 
(2) from X = 0. 

Compare the second result with (B). 

16. Prove geometrically that 

f(x + h) =/x + hr{z + eh), 

fx and /'x being continuous between x and x + h. 



17. 


When X = i, prove that 








X — sin X = Vzi^ ; 


1 — cos X = Vzi^ ; 


§94 




a^ — l = Vii; 


X — tan X = v^i^ ; 


§95 




X — tan— ix = vzi^; 


1 — sec X = U2i^. 





18. From (2) of § 95 and (1) and (2) of § 94, show that 



-a:^-l .^^.V^si] 



e = cos X -h V — 1 sm X, 

and e~* ~^ = cos x — V— l sin x. 

19. From the results in example 18, obtain the exponential values 

e — e e -r e 

sm X = j== > cos X = • 

2V-I 2 

20. Find the limits of the error when we take the sum of n terms of 
the series as the value of a*j loga(l + x)j (x + h)^. 



CHAPTER VII. 

MAXIllA AND MINIllA. 

100. A maximum of fx is a value of fx which is greater 
than those immediately preceding and immediately following. 
A minimum of fx is a value which is less than those imme- 
diately preceding and following. In defining and discussing 
maxima and minima of /x, it is assumed that x increases con- 
tinuotisly, and that fx is a continuous one-valued function. 

101. fx is positive immediately before and negative imme- 
diately after a maximum of f x ; also f 'x is negative immediately 
before and positive immediately after a minimum of f x. 

For fx is an increasing function immediately before and a 
decreasing function immediately after a maximum ; also, fx is 
a decreasing function immediately before and an increasing 
function immediately after a minimum (§ 12, Cor. 1). 

102. Any value of x which renders fx a maximum or a 
minimum is a root of f 'x = or f 'x = cp. 

From § 101 it follows that/'x changes its quality when^aj 
passes through either a maximum or a minimum. 

When fx is continuous for all values of x, fx must pass 
through zero to change its quality. 

When fx is a fraction whose denominator becomes zero 
for some finite value of x, fx may change its quality by 
becoming cp. 

For example, when x — 2 = 0orx = 2, the fraction a/ (x — 2) becomes 
ap and changes its quality. Again, tan x, or sin x/cos x, becomes ap and 
changes its quality when cos x = 0, or x = ;r/2. 
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The converse of this theorem is not true ; that is, any root 

of /"iB = or fx = ap does not necessarily render fx either a ■ 

' masimum or a minimnm. These roots are simply the critical 

values of x, for each of which the function is to be examined. 

103. Geometric illustration. 

Let aS,^h be the locus of v = Ji- 

Then /i will be represented by the ordinate of the point {z, y), and /'» 
by the slope of the locus at the point (x, y). 

By definition, the ordinates On, Oe, and Et represent maxima of /a; 
while B6, Dd, and ¥f repre- 
sent minima j§ ICW). 

The slope fx is positive 
Immediately before a maxi- 
mum ordinate, and neg- 
ative immediately after; 
while the slope is negative 
immediately before a mini- 
mum ordinate and positive 
after (§ 101). 

The slope fx is or ip at any point whose ordinate ft Is either a 
im. The slops /'x is ixaeaiitinuoui at the points 
3s its quality by becoming tp (§ 102). 

The slope ft, is at g, and i^ at ft i but it does not change its quality 
at either point, and neither Gg nor J/A is a raasimum or a minimum 
ordinate. 

Note. If the points e and / were shooting points (g 1S3) instead of 
cusps (§ 161), /'x would change abruptly from a positive finite value to a 
negative value, or vvx versa; hence, § 102 is not strictly true when the 
locus of y =/(X) has a shooting point 




e and/, where it 



104. Maxima and minima occur alternately. For between 
two maxima a function must change from a decreasing to an 
increasing function, and hence pass through a minimum. For 
a like reason, between two minima a function passes through 



This principle is evident also from the locus in g 103. 
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105. Let B.be a critical value obtained from f x = o, and let 
a be substittUed for x in the sicccessive derivatives o/fx. 

If the first derivative which does not vanish is of an even 
order, fa is a maximum or a minimum of fx oAXording cw this 
derivative is negative or positive. 

If the first derivative which does not vanish is of an odd 
order, fa is neither a maximum nor a minimum, of f x. 

Since /'a e: 0, from Taylor's theorem we liave 
/(a- A) ->=/"«. ^72 -/'"a. ^V[3 +/'-«. AV(4---.,(1) 
/(a + A)-/a=/"a.AV2H-/"a.AVL3H-/^a.AV[4 + -.(2) 

If h be taken very small, the quality of the second member 
of (1) or (2) will be that of its first term ; hence, 

If /"a is -, fa >f(a - h) and fa >f(a + h) ; 

that is, fa is a maximum of fx. § 100 

If fa is +, fa <f(a - h) and fa <f(a + h) ; 

that is, fa is a minimum of fx. § 100 

If f"a = and /'"a is not zero, fa is evidently neither a 
maximum nor a minimum oifx. 

If f"a =f"'a = 0, fa will evidently be a maximum or a 
minimum according as f^a is — or + ; and so on. 

Ex. Examine 4 x^ — 15 x^ + 12 x — 1 for maxima and minima. 

Here /'x = 12 x2 — 30x + 12, 

and f'x = 24 X — 30. 

The roots of /'x = 12 x2 — 30 x + 12 = are 2 and 1 /2 ; hence, the 
only critical values of x are 2 and 1/2. 

/" (2) = + 18 ; .'. /(2), or — 6, is a minimum of /x ; 
/"(1/2)ee-18; .•./(1/2), or 7/4, is a maximum of /x. 

Note. The student should illustrate these properties of this function 
by constructing the locus of y = 4 x* — 16 x^ + 12 x — 1, 
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106. Let Si be a critical value given by either f'x = or 
f 'x = ap^ and let h be a very small positive numher ; then 

Iff'(si — h) is positive and f (a + h.) is negative, 

iB, is a maximum of f x. § 101 

If f (b. — Yi) is negative and i'(a, + h) is positive, 

fa is a minimum of f x. § 101 

ijf f (a — h) and f (a + h) have the same quality, 

fa is neither a maximum nor a minimum of f x. 

107. Auxiliary principles. By the following obvious prin- 
ciples we may often simplify the solution of problems in 
maxima and minima : 

(i) Since fx and log (fx) increase and decrease together, any value of 
X which renders fx a maximum or a minimum renders log (fx) a maxi- 
mum or a minimum ; and conversely. 

(ii) Since when fx increases its reciprocal decreases, any value of x 
which renders fx a maximum or a minimum renders its reciprocal a 
minimum or a maximum. 

(iii) Any value of x which renders c(/x), c being positive, a maxi- 
mum or a minimum renders fx a maximum or a minimum ; and con- 
versely. If c is negative and fa is a maximum, c (fa) is a minimum. 

(iv) Any value of x which renders c +/x a maximum or a minimum 
renders fx a maximum or a minimum ; and conversely. 

(v) Any value of x which renders fx positive, and a maximum or a 
minimum, renders {/x)» a maximum or a minimum, n being any positive 
whole number. 

EXAMPLES. 
Examine fx for maxima and minima when 

• 1. /x = x8-9x2H-i5x-3. 

/"(I) is — ; .'./(I), or 4, is a maximum otfx. 
/"(5) is + ; .'./(S), or — 28, is a minimum otfx. 

2. /x = x5- 5x4 + 5x8-1. 

^715. /{!), or 0, is a max.; /{3), or — 28, is a min. 
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3. /j; = 3a;6-i25a^ + 2100aj. 

Ana. /{— 4) aii(l/(3) are max.; /(— 3) and/(4) are min. 

4. /j;z:x8-3a;2 + 3x + 7. 

Here /' (1) zz 0, /" (1) = 0, and /"' (1) = ; hence, / (1) is neither 
a maximuui nor a luinimuni of fx (§ 105). 

5. /x = 2x8_2lx2 + 30x~20. 

6. /x = x8-3x2H-0x + 7. 

Alls. jfHo real value of x renders /(x) a max. or a min. 



7. Examine c + V4 a-x^ — 2 ax' for maxima and minima. 



By § 107 any value of x whicli renders c + V4 a^x* — 2 ox* a 
maximum or a minimum renders 

V4a''^x2 — 2ax«, 4a2x2 — 2ax», or 2ax2 — x* 
a maximum or a minimum. 

Hence, we let /x ee 2 ox^ — x', etc. 

Ans. c is a min. ; and c + 8 a^ V3 /9 is a max. 

8. Examine 6 + c (x — a)2/8 for maxima and minima. 

Let /x = (x — a)2. ^?w. & is a min. 

9. Examine (x — 1)* (x + 2)8 for maxima and minima. 

fx = (X - 1)8 (X + 2)2 (7 X + 5). 

* 

Hence, the critical values are 1, — 2, and 6/7. 

/'(I - h) is -, and /'(I + /i) is + ; 

.-./(I), or 0, is a min. of /x. § 100 

/'(- 5/7 - h) is +, and/'{- 5/7 + A) is - ; 
.*./(— 5/7) is a max. of /x. 

/' (- 2 - ^) and /' (- 2 + h) are both + ; 

hence, /(— 2) is neither a maximum nor a minimum of ^x, 

In this example the method in § 106 is preferable to that in 
§106. 
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(Q) ~~ x^^ 

10. Examine ^ ^ for maxima and minima. 

a — 2x 

f'x = {a- x)2(4x - a)/ (a - 2x)2. 

/'x = gives X = a or a/4 ; 

/'x = op gives (a — 2 x)2 = 0, or x = a/2. § 102 

/'(a/4 - h) is -, and /'(a/4 + ^) is + ; 

.•./(a/4) is a min. of /x. 

When X = a, or a/ 2, /'x does not change its quality; hence, 
neither /a nor /(a/ 2) is a maximum or a minimum of/x. 

V x^ — 7 X + 6 

11. Examine — for maxima and minima. 

X — 10 

Ans. /(4) is a max.; /(16) a min. 

12. Examine ^ rf;: for maxima and minima. 

(x — 3)2 

Ans. /(8) is a max ; /(13) a min. 

13. If /x = x(x + a)2(a — x)^, /(— a) and f{a/S) are maxima, and 
/(— a/ 2) is a minimum. 

14. V2 is a maximum of sin ^ + cos 6. 

15. e is a minimum of x/logx. 

16. 1 is a maximum of 2 tan ^ — tan^ 0, 

17. e^ ^« is a maximum of x^ /*. 

18. 3 V3/4 is a maximum of sin ^(1 + cos d). 

19. ^/ (1 + ^ tan 0) is a maximum when = cos ^. 

Examine the reciprocal of this function for maxima and minima. 

20. Show that 2 is a maximum ordinate and — 26 a minimum ordi- 
nate of the curve y = x^ — 5 x* + 5 x' + 1. 

21. Show that a/3 is a maximum ordinate and a minimum ordinate 
of the curve y = (2x — ay^^(x—a)^^K 

22. Show that 3V3/I6 is a maximum ordinate of the curve 

y = sin^x cosx. 
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PROBLEMS IN MAXIMA AND MINIMA. 

1. Find the altitude of the maximum cylinder that can be inscribed 
in a given right cone. 

Let BAB be a section through the axis of the 
cone and the inscribed cylinder. 

Let a = DC, h = AC, y = JfC, x = IJf, and 
V = the volume of the cylinder ; 

then V = Tt%y\ 

From the similar triangles ADC and IDH, 

y = {b/a)(a — x); 

... V = 7t{h/a)^x(a — x)^. 

V will be a maximum when x(a — x)^ is a maximum. 
Hence, let fx = x(a — x)^, etc. 

Arts. The altitude of the cylinder = 1/3 that of the cone. 

2. Find the altitude of the maximum cone that can be inscribed in a 
sphere whose radius is r. 

Let ACD BXidACB be the semicircle and the triangle which gener- 
ate the sphere and the cone, respectively. 
Let X = AB, y = BC, and 

V = the volume of the cone ; 
then V = i Tcxy^, 

y- = AB BD = x(2r — x); 

... V = i7cx^(2r — x). 

V will be a maximum when x^ (2 r — x) is a maximum. 
Ans, The altitude of the cone = 4/3 the radius of the sphere. 




3. Find the altitude of the maximum cylinder that can be inscribed in 

a sphere whose radius is r. 

x = AB, and y = BE; 




Let 
then 



F= 2 Tcxy^ = 27rx(r2 — x^i 
Ans, Altitude = 2 r V3/3. 



4. The capacity of a closed cylindrical vessel is c ; find the ratio of its 
altitude to the diameter of its base when its entire inner surface is a 
minimum ; find its altitude. 
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Let u equal the radius of the base, x the altitude, and 8 the entire 
inner surface j then 

c = TtXU^, (1) 

and S = 27tu^ + 2 nxu. (2) 

From (1), du/dx = — u/2x. (3) 

From (2), dS = 4: Ttudu + 2 Ttxdu + 2 Ttudx, (4) 

When /S is a minimum, dS/dx = 0, or dS =0; hence, 

du/dx = —u/(2u-\- x). (5) 

From (3) and (5), we obtain 

2x = 2u + x, 0TX = 2u. (6) 

Hence, as S evidently has a minimum value, it is a minimum when 
the altitude of the cylinder is equal to the diameter of its base. 
From (1) and (6), we find the altitude 

x = 2Vc/27t. 

5. Find the maximum rectangle which can be inscribed in the ellipse 

x2/a2 + y^/l^ = 1. (1) 

Let (x, y) be the vertex of the rectangle in the first quadrant, and 
let u denote the area ; then 

u = 4:xy, (2) 

Differentiating (1) and (2), and proceeding as in example 4, we 
find that the maximum area is 2 ab. 

6. Find the maximum cylinder which can be inscribed in an oblate 
spheroid whose semi-axes are a and b. 

The ellipse which generates the spheroid is 

xVa2 + y'^/b^ = 1. (1) 

Let (x, y) be the vertex in the first quadrant of the rectangle 
which generates the inscribed cylinder ; then 

V=2 Ttyx^, (2) 

7. The capacity of a cylindrical vessel with open top being constant, 
what is the ratio of its altitude to the radius of its base when its inner 
surface is a minimum ? 

8. A square piece of sheet lead has a square cut out at each comer ; 
find the side of the square cut out when the remainder of the sheet will 
form a vessel of maximum capacity. 
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9. The radius of a circular piece of paper is r ; find the arc of the 
sector which must be cut from it that the remaining sector may form 
the convex surface of a cone of maximum volume. 

Ans. Arc = 2 ;rr (1 — V6/3). 

Let X = the altitude of the cone ; 

• then V=7tx {r^ — x^)/S, 

10. A person, being in a boat 3 miles from the nearest point of the 
beach, wishes to reach in the shortest time a place 5 miles from that 
point along the shore ; supposing he can walk 6 miles an hour, but row 
only at the rate of 4 miles an hour, required the place where he must 

l^'^d* Ans, 1 mile from the place to be reached. 

11. Find the maximum right cone that can be inscribed in a given 
right cone, the vertex of the required cone beuig at the centre of the 
base of the given cone. ^^. The ratio of their altitudes is 1 : 3. 

12. A Norman window consists of a rectangle surmounted by a semi- 
circle. Given the perimeter, required the height and the breadth of the 
window when the quantity of light admitted is a maximum. 

Ans. The radius of the semicircle = the height of the rectangle. 

13. Prove that, of all circular sectors having the same perimeter c, the 
sector of maximum area is that in which the circular arc is double the 
radius. 

Let X = the radius of the sector ; 

^, x{c — 2x) 
then area = — ^ — • 

14. Find the maximum convex surface of a cylinder inscribed in a 
cone whose altitude is 6, and the radius of whose base is a. 

Ans. Maximum surface = itdh/l, 

15. Find the altitude of the cylinder of maximum convex surface that 
can be inscribed in a given sphere whose radius is r. 

Ans. Altitude = rV2. 

16. Find the altitude of the cone of maximum convex surface that can 
be inscribed in a given sphere whose radius is r. 

Ans. Altitude = 4r/3. 
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17. A privateer has to pass between two lights, A and B^ on opposite 
headlands. The intensity of each light is known, and also the distance 
between them. At what point must the privateer cross the line joining 
the lights so as to be in the light as little as possible ? 

Let c = the distance AB^ 
and X = the distance from A to any point P on AB. 

Let a and h be the intensities of the lights A and B, respectively, 
at a unit's distance. The intensity of a light at any point equals its 
intensity at a unit's distance divided by the square of the distance 
of the point from the light. 

Hence, the function whose minimum we seek is - 

a/x2 + 6/(c-x)2. 




18. The flame of a lamp is directly over the centre of a circle whose 
radius is r ; what is the distance of the flame above the centre when the 
circumference is illuminated as much as possible ? 

Let A be the flame, P any point on the circum- 
ference, and x = AC. The intensity of illumina- 
tion at P varies directly as sin CPA, and inversely 
as the square of PA. Hence, the function whose 
maximum is required is ax/(r^ — x^)^/% where r 
is the radius of the circle, and a is the intensity of 
illumination at a unit's distance from the flame. 

Ana. X = r V2/2. 

19. On the line joining the centres of two spheres, find the point from 
which the maximum of spherical surface is visible. 

Let cp = r, CP = R, cC = a, 
and cA = Xy A being any point 
on mM. From A draw the tan- 
gents Ap and AP ; then the 
sum of the zones whose alti- 
tudes are nm and NM, respec- 
tively, is the function whose maximum is required. 

By geometry this function is 




L \x a — x/j 



Ans. x = ar3/2/(r3/2 + K3/2). 
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20. Assuming that the work of driving a steamer through the water 
varies as the cube of her speed, show that her most economical rate per 
hour against a current running c miles per hour is 3c/2 miles per 
hour. 

Let V = the speed of the steamer in miles per hour. 

Then av^ = the work per hour, a being a constant ; 

and u — c = the actual distance advanced per hour. 

Hence, av^/ (o — c) = the work per mile of actual advance. 

21. The amount of fuel consumed by a certain ocean steamer varies as 
the cube of her speed. When her speed is 15 miles per hour she con- 
sumes 4^ tons of coal per hour at $4 per ton. The other expenses are 
$12 per hour. Find her most economical speed and the minimum cost 
of a voyage of 2080 miles. ^^5. 10.4 miles per hour; $3600. 

22. Find the parabola of minimum area which shall circumscribe a 
given circle whose radius is r. Ans. i/^ = rx. 

23. One dark night the captain of a man-of-war saw a privateersman 
crossing his path at right angles and at a distance ahead of c miles. The 
privateersman was making a miles an hour, while the man-of-war could 
make only b miles in the same time. The captain's only hope was to 
cross the track of the privateersman at as short a distance as possible 
under his stem, and to disable him by one or two well-directed shots ; 
so the ship's lights were put out and her course altered so as to effect 
this. Show that the man-of-war crossed the privateersman's track 
(c/6) V(«^ "~ ^) niiles astern of the latter. 

24. The limited line AB lies without and is oblique to the indefinite 
line CB ; find the point P in CD so that the angle APB will be a maxi- 
mum, jins. JtAB produced meets CD in C, PC = Vab. 



CHAPTER VIII. 

POINTS OP INPLEXION. CUKVATUEE. EYOLUTES. 

108. A curve is concave upward or downward at any point 
(x, y) according as i^y /dx^ is positive or negative. 





When a curve, as ab, is concave upward, tan <^ or dy/dx 
evidently increases wlien x increases ; hence, by Cor. of § 80, 
d^y/dx^ is positive. 

When a curve, as cd, is concave downward, tan <^ or dy/dx 
evidently decreases when x increases ; hence, d^y/dx^ is neg- 
ative. 

109. A point of inflexion is a point, as P, where the tan- 
gent crosses the curve at the point of contact. 

On opposite sides of a point of inflex- / b 

ion, as P, the curve is concave in oppo- 
site directions, and d^y/dx^hos opposite 
signs ; hence, at a point of inflexion 
dy/dx has either a maximum or a mini- 
mum value (§ 101). 

Therefore, to examine a curve for 
points of inflexion, we examine its slope dy/dx for maxima 
and minima. 

The road or path whose grade is aPb is steepest at the point of 
inflexion, P. 
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E XAMPLES. 

1. Examine y = a + c (x + 6)' for points of inflexion. 

Here dPy/dz^ = Qc{x + b). 

The root of 6c{x + 6) = 

is — 6, and 6 c (x + 6) evidently changes from — to + when x passes 
through — b ; hence, (— 6, a) is a point of inflexion, or a point of 
minimum slope. To the right of (— 6, a) the curve is concave upward. 

2. Examine x^ — 3 6x2 + Q2y = q for points of inflexion. 

Ans. (6, 2 b^/a-) is a point of inflexion, or of maximum slope, to 
the right of which the curve is concave downward. 

3. Examine y = x^ — 3 x^ — 9 x + 9 for points of inflexion. 

Ans. (1, 2) is a point of inflexion, to the right of which the curve 
is concave upward. 

4. Examine y = c sin (x/a) for points of inflexion. 

Ans. (0, 0), (± aTt, 0), {± 2a;r, 0), • • •. 

6. Examine the witch of Agnesi y = Sa^/(x^ + ^aP) for points of 
inflexion. Ans. (±2aV3/3, 3a/2). 

6. Examine the curve y = x^/(a^ + x^) for points of inflexion. 

Ans. (0, 0), (aV3, 3aV3/4), (-aV3, — 3aV3/4). 

110. Polar curves. From the figure it is evident that 
when a polar curve, as ah, is concave toward the pole,^ or OD 
increases as p increases; hence, dp /dp is positive. 





When a curve, as cd, is convex toward the pole, p decreases 
as p increases ; hence, dp /dp is negative. 
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That is, a polar curve is concave or convex toward the pole 
according as dp /dp is positive or negative. 

At a point of inflexion on a polar curve, dp /dp changes its 
quality, and therefore ^ is a maximum or a minimum ; and 
conversely. Hence, to examine a polar curve for points of 
inflexion, we examine p for maxima and minima. 



Ex. Examine the lituus p^B = a^ for points of inflexion. 



Here 



P = 



_ 2a2p 



§ 63, (9) 



Vp2 4- {dp/dey^ V4a2 + p2 

dp_ 2a2(4a* — /o*) 
'* dp~ (4a*4-p*)8/2 ' 

Hence, p = a V2 renders p a maximum; therefore, (aV2, 1/2) is a 
point of inflexion. 

In the logarithmic spiral p = a^, dp /dp is always positive ; hence, the 
curve, being concave toward the pole at all points, has no point of 
inflexion. 

111. The curvature of any curve, as APQ (§ 112, fig.), at 
any point, as P, is the 5-rate at which the curve bends at P, 
or the 5-rate at which the tangent revolves, where s denotes 
the length of the variable arc AF. 

112. The curvature of a curve at (x, y) is d<^/ds radians 
to a unit of s. 

Let AP = Sj and let <!> denote 
(in radians) the variable angle 
XMP as P moves along the 
curve APQ ; then, evidently, 
the curvature of APQ at P 
equals the s-rate of <^, or 

d<l> I ds. 
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113. Curvature of a circle. Let APQ be the arc of a 
circle whose radius is r ; then the angle MEN, or A<^, will 
equal the angle subtended by PQ, or As, at its centre. 
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Hence, by § 37, we have 

A<l> = As/r; .\ d<l>/ds = 1/r. §11 

That is, t?ie curvature of a circle is constant , and equals 
1/r radians to a U7iit of arc. 

For example, if r = 5, the circle bends uniformly at the rate of 1 /6 
radian to a unit of arc. 

If r = 1 /3, the curvature of the circle is 3 radians per unit of arc. 

114. Circle of curvature. The curvature of any curve 
except the circle varies from one point to another. A circle 
tangent to a curve and having the same curvature as the curve 
at the point of contact is called the circle of curvature at that 
point; its radius is called the radius of curvature; audits 
centre, the centre of curvature. 

Let R denote the radius of the circle of curvature at any 
point of a curve ; then, since the curvature of the curve, or 
d<l>/ds, equals the curvature of the circle, we have 

d<f>/ds — 1/By or ^ = ds /dif>. 

If at P (§ 112, fig.) the direction of the path of (x, y) became coTvstanJb^ 
(x, y) would trace the tangent at P ; if at P the chxmge of direction of 
the path became uniform with respect to s, (x, y) would trace the circle 
of curvature at P. 

116. To find R in terms ofx and j, 

ds/dx = [1 + (d]//dxyj'^ § 33, Cor. 1 

<^ = tan- i(c?y/c?aj); § 33 

d<l} _ d^y Idol? 
' 'dx~l + {dy/dxY 

. ds ^ [l+{dy/dxyr\ 

"^~d<t>~ dhjldx^ ^^ 

R will be positive or negative according as d^y /dx^ is posi- 
tive or negative ; that is, according as the curve is concave 
upward or downward. 

If we take the reciprocals of the raembers of (1), we obtain 
the curvature. 
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EXAMPLES. 

Find R and the curvature of each of the following curves : 

1. The parabola y^ = 4px. 

dy/dx = 2p/y, d^/dz'^ = — 4p^/y\ 
Substituting these values in (1) of § 115, we obtain 






4p2 pl/2 



We neglect the quality of i?, since the quality of dry/dx^ indicates 
whether the curve is concave upward or downward. 

At the vertex (0, 0), IJ = 2p, and the curvature is (l/2p) radian 
to a unit of arc. 

2. The equilateral hyperbola 2xy = a^. R = {z^ 4- 2/2)3/2/^2. 

3. The elhpse — + 7; = 1. , = . . ., . ,a 9v« /q * 
The maximum curvature is a/b^, and the minimum b/a^. 

4. Thecurvey = x* — 4x3 — 18x2at(0, 0). R = i/30. 

5. The logarithmic curve y = a*. , = , ., . ovo ,.. ' 

6. The cubical parabola y8 = a2j;. ^ = ^^y4^^'^2)8/2 ' 

7. The cycloid x = r vers- ^{y/r)z^ ^'Iry — y'^. R = 2 y/'lry. 
At the highest point R = 4 r, or the maximum of R is 4 r. 

«« .«« Oj dd> d 

8. The catenary y — z^ (^^^ + e*^/'*). 'J^ — 'i' 

9. The hypocycloid x2/3 + 7/2/8 = ^2 /8. J? = 3 (r(xy)i /8. 



10. The curve a;i /2 4. yi /2 = ^i /2. 



XI. The curve y8 = 0x2 4-x3. 



ds 2(x + 2/)8/2 

d> 8x2y 

d8~ [2/*+(4x + X2)2]8/2 
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116. To find R in terms ofp and $, 

From (4) and (10) of § 63, we have 

<^ = ^ -f ^, ^ = tan-^ — ^ 



dp/dO 



'*• dO^ dO' dO" p'^ (clp/dBf 
. d<t> _ p^-\'2(dp/dOy-p' d'p I d^ 

''dd p'-h(dp/dey 



.\E = 



_ ds/do _ [p^ + (dp /doyy^' 



d<l>/d$ p' + 2 (dp/dOf - p . dJ'p/df 



§ 63, (3) 



EXAMPLES. 

Find R in each of the following curves : 

1. The spiral of Archimedes p = ad. 

Here dp/dd = a, d'^p/de^ = ; 



_ (i>2 + a2)8/2 _ a(^4-l)8^g 



p2 4-2a2 

2. The logarithmic spiral p — a^, 

3. The lemniscate p^ = a^ cos 2 ^. 

4. The cardioid p = a (1 — cos ^). 

5. The curve p = a sec2 (^/3). 



^^ + 2 
ij = pVl4-(loga)2. 
i2=aV3p. 
ii = 2V2ap/3. 
i2 = 2asec3(^/3). 



117. Co-ordinates of centre of curvature. Let P(x, y) 

be any point on the curve db, 
and (7 (a, P) the corresponding 
centre of curvature. 

Then PC equals R and is per- 
pendicular to the tangent PD. 

Hence, ABCP^ A XDP 

OA=OE - BP, 
AC=EP-^BCy 
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that is, 



or 



a = X — R sin <f>, p = y -\' It cos <t> ; 



a = X — R 



ds 



^ = y^B%- 



(1) 

(2) 



Substituting in (2) the values of R and ds, we have 



.A 



a = X 



\dxj J dx 



1 + 



(Pi//da^ 



i8 = y + 



W . 



di'y/do^ 



(3) 



118. Evolutes and involutes. If the point (x, y) moves 
along the curve MN, by equa- 
tions (3) of § 117 the point y 
(a, P) will trace some other 
curve, as AB, The curve AB, 
which is the locus of the cen- 
tres of curvature of MN, is 
called the evolute of MN, 

To express the inverse rela- 
tion, MN is called the involute 
oiAB, 




O 



119. Properties of the involute and evolute. 

I. From Cor. 1 of § 33 and ds = Rd<fiy we have 

dx = cos if>ds = R cos if> d<f>, (1) 

and dy = sin <l>ds = R sin <!> d<f>, (2) 

Differentiating equations (1) of § 117, and using the rela- 
tions given in (1) and (2), we obtain 

da = dx — R cos f^d<l> — sin f^ dR = — sin <^ dR, (3) 
d/S = dy — R sin cjidcji -{- cos <;/> dR = cos <;/> dR. (4) 

Dividing (4) by (3), we obtain 

dp /da = — cot ^ = — dx/dy. 

That is, the normal to the involute at (x, y), as Pi (§ 118, fig.), 
is tangent to the evolute at the corresponding point (a, j8), as Cj. 
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II. Squaring and adding (3) and (4), we obtain 

da^ -h c//3» = dB?, 

Let s denote the length of an arc of the evolute ; then 

da} -h c/j8» = d^. 

Hence, c?« = db dR ; .'. A« = d: A7J. 

That is, the difference between two radii of airvature, as 
CjPj and CiPi (§ 118, tig.), is effual to the corresponding arc of 
the evolute, a^ CiCj. 

These two properties show that the involute MN can be 
traced by a point in a string unwound from the evolute AB. 
From this property the ecolute receives its name. 

120. To find the equation of the evolute of a given involute. 
Differentiating the equation of the involute and using equa- 
tions (3) of § 117, we obtain a and fi in terms of x and y. 
These two equations and that of the involute form a system 
of three equations between a, )8, x, and y. 

Eliminating x and y from these equations, we obtain a rela- 
tion between a and ft or the equation sought. 



EXAMPLES. 
Find the equation of tlie evolute of 

D 1. The parabola y^ = 4px. (1) 

dy/dx = 2p/y, d^/dz^ = — 4i)2/y«. 

Substituting these values in (3) of § 117, 
we obtain 

a = 3x + 2p ; /3 = - lfi/^p^\ 
.'. X = (a — 2j))/3, y = — Vj^. 

Substituting these values of x and y in (1), 
we obtain 

i32 = 4(cr-2p)8/27p, (2) 

as the equation of the evolute of (1). 

The locus of (2) is the senii-cubical parab- 




EQUATION OF INVOLUTE. 



101 



ola. Thus, if nom is the locus of (1), F being the focus, then HAB is 
the locus of (2), where OA=2p = '2' OF. 



2. The ellipse a22/2 + 62a;2 = a2^. 



(1) 



Here 



Hence, the equation of the evolute of (1) is 

(aa)2/8 + (6)3)2/8 = (a^ - 62)2/8. 



2/8 



§ 155, fig. 9 



3. The cycloid x = r vers-i (y /r) jpy/2 ry — y\ 

dy _ ^2ry — y^ dhf _ r 



dz 



y 



dx2 



y' 



.-. y = -/3, x = a-2V-2ri3-/32. 
... a = r vers-i (— jSr) ± V— 2 r/3 — /32. 



0) 




The locus of (1) is another cycloid equal to the given cycloid, the 
highest point being at the origin. 

That is, the eoolvte of a cycloid is an equal cycloid. 

Thus, the evolute of the arc OR is the arc 05, which equals RX; 
and the evolute of RX is SX, which equals OR. 

4. The hyperbola 62^2 — ah/^ = a262. 

5. Find the length of one branch of the cycloid. 

Here R = 2y/2ry; .'.SR = ir. 

ORX = 20S = 2SR = Sr. 

6. The length of the evolute of the ellipse is 4 (a^ — 6') /ab. 

Find four times the difference between R at (0, 6) and JJ at (a, 0). 
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7. Find the lenp^h of an arc of the evolute of the parabola y^ = 4tpx 
in terms of the abscissiiK uf its extremities. 

2(x + v)^^'^ 
Arc AC= CP-AO= ^ \r^ 2p Example 1, fig. 

Vp 

VpV 3 / 

8. Show that in the catenary y = - (c^" + &-*/"), 

a = X — - V^r^^^a^, /3 = 2 y. 
a 

9. Find the centre of curvature, and the equation of the evolute, of 
the hypocycloid x2/8 + y2/8 = ^2/8. 

Ans. a = x + 3x1/3^2/8. ^ = y + Sx^/Syi/s. 

(a + /3)V3 + (a - /3)2/8 = 2a2/8. 



CHAPTER IX. 
ENTSL0FE8. OSDEB OF COiniACT. OSCULATIIIO CDBTES. 

121. Family of curves. If in the equation, 

f(x,y,a) = 0, 
different values are assigned to a, the resulting equations will 
represent a series of curves differing in position or form, but 
all belonging to the same class or family of curves. 

For example, if difierent values are assigned to a in the equation, 
(^-aY + y^ = r, 
the loci of the resulting equations will be a series of circles all having their 
centres on the i-axis and the same radius r (§ 122, flg.). 

Ah used in this chapter, the word curve includes the straight line. 

The quantity a, which is constant for the same curve, but 
different for different curves, is called the parameter of the 
family. Any two curves of the family which correspond to 
nearly equal values of a are called consecutive curves. 

Of the families considered in this chapter the consecutive 
curves intersect. 

132. Envelopes. If when consecutive curves approach 
indefinitely near each other, 
their points of intersection 
approach limits, the locus of 
these limits is called the envel- 
ope of the family. 

For example, if a: is a variable 
parameter, the envelope of the fam- 
ily of curves represented by the equation, 

{t:-a)^ + y^~ 2i 
is evidently the two lines y = ± 5. 

TliiB envelope is evidently l^mgent to each 
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123. The envelope is tangent to each curve of tlie family. 
Let A, B, C represent three consecutive curves of the family. 
Let P be the point of intersection of the curves A and B, and 
Q that of B and C, Conceive the curves A and C to approach 
the curve B, so that arc P^ = ; then, since the limits of 



F and Q are on both the envelope and the curve B, the limit 
of the secant MP QN will be a common tangent to the envelope 
and the curve B, Hence, the envelope is tangent to the curve 
B at their common point. 

124. To find the equation of the envelope of a family of 
curves. 

Let /(«, y, a) = 0, (1) 

and f(Xy y^ cL-^ ^o) = 0, (2) 

be the equations of any two consecutive curves. 

Subtracting (1) from (2) and dividing by Aa, we have 

f(x, ?/, a + Aa) -f(x, ?/, a) __ 

A^^ " ^' ^^) 

By algebra the intersections of (1) and (3) are the same as 
those of (1) and (2). 

Making Aa = 0, from (3) we obtain 

^f(x,y,a) = 0. (4) 

The intersections of (1) and (4) are, therefore, the limits of 
the intersections of (1) and (2). Eliminating a between (1) 
and (4), we obtain the equation of the envelope. 
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EXAMPLES. 

1. Find the envelope of the family of straight lines represented by the 
equation y = ax + m/a. (1) 

Differentiating (1) with respect to a, we have 

= x — m/a2. (2) 

Eliminating a between (1) and (2), we obtain 

2/2 = 4 wix ; (.3) 

that is, the envelope is the parabola (3). 

2. Find the envelope of the hypotenuse of the right-angled triangles 
which have the constant area c. 

Let a and /3 denote the lengths of the sides of the right triangles, 
and assume these sides as the co-ordinate axes ; then we have 

x/a + y/^ = \, afi = 2c. (1) 

Eliminating /3 between equations (1), we obtain 

x/a + ay/2c = l. (2) 

Differentiating (2) with respect to a, we have 

-x/a^ + y/2c = 0. (3) 

Eliminating a between (2) and (3), we obtain 

xy = c/2 J 

that is, the envelope is an hyperbola to which the sides of the tri- 
angle are asymptotes. 

3. Find the envelope of a line of constant length c whose extremities 
move along two fixed rectangular axes. 

Let a and /3 be the intercepts of the line on the axes ; then 

x/a + y/i3 = l, a2 4-/32 = c2. (1) 

Differentiating equations (1), we obtain 

_x_ ydg _ d§, 

a2 ^da "" ^da ^"^^ 

Dividing the first of equations (2) by the second, we have 

x/a _y/l^ x /a-\- y/jS _ i . 
cfi ^ a^ + ^ c2 

.-. a = (xc2)i/8, /3 = (yc2)i/8. 

Substituting these values in either of equations (1), we find the 
envelope to be the hypocycloid x2/8 + y2/8 = c2/8. (§ 155^ fig. g.) 
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4. Find the envelope of the family of lines whose equation is 

a and /3 having the relation a/l + p/m = l. 

An8, (x/0i/« + (y/m)i/2=l. 

5. Find Uie envelope of the family of ellipses defined by the equations 

xV«^ + y^/^^ = 1, a^/m^ + p^/n^ = 1. 

Aja. The four lines ± x/m ± y/n = 1. 

6. Find the envelope of the family of right lines, 

y = ax±y/a:ht'^ — ljf^, (1) 

where a is the variable parameter. 

Here = x ± , = ; .-. a = if — . • (2) 

Substituting this value of a in (1), we obtain 

b (x2 - a^\ b ^r-z 

a V x2 — a2 a 

or x^/a^-y^/bf^ = l. (3) 

In equations (1) and (2) the upper signs go together. 

Here, as in example 1, the equation of the tangent is given and 
that of the curve is required ; hence, the method of envelopes has 
sometimes been called ** the inverse method of tangents. '* 

7. Find the envelope of the family of parabolas y'^ = a{x — a), a 
being a variable parameter. ^^s, y = ± x/2. 

8. Find the envelope of the family of circles whose diameters are the 
double ordinates of the parabola y^ = ipx. ^jig^ yi = 4p (p + x). 

9. Find the envelope of the family of circles whose diameters are the 
double ordinates of the ellipse x^/a^ + 2/2/52 = i, 

A'M. x2/{a2 + 62) + y2/62 = i. 

10. Show that the envelope of the normals to any curve, MN (§ 118, 
fig.), is the evolute AB oi that curve. 

Let Pi approach Pg as its limit ; then the intersection of the nor- 
mals P2C2 and P3C8 will evidently approach Ca as its limit. 
Hence, the evc^ute AB\& the envelope of the normals to KN. 
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11. Using the principle in example 10, find the evolute of the parabola 
y2 = 4pjc, having given the equation of the normal in the form 

y = a{x — 2p)— pa\ 

12. Find the envelope of the family of ellipses 

a being a variable parameter. Ans. x^'^ + y'^'^ = k^^\ 

13. Find the envelope of the family of parabolas 

y = ax — (1 — a2)x2/2p, 



a being a variable parameter. 



Am, 7^=p{p — 2y). 




126. Different orders of contact. Let APB and CFB be 

any two curves, and let P, Q, E be three of tbeir points of 

intersection . Suppose 

that Q moves toward P ^' — -^- 

and becomes coincident 

with it. The curves are 

then said to have contact 

of the first order at P. 

At such a point the 
curves do not cross each 
other, since CP and QH ^' 
are on the same side of 
APB. 

Again, suppose that Q and B both become coincident with 
P. Three points of intersection will then coincide at P, and 
the curves are said to have contact of the second order. 

At such a point the curves cross each other, since CP and 
RD are on opposite sides of APB, 

If four points of intersection become coincident at P, the 
contact is of the third order, and the curves do not cross at P. 

In general, if (k + 1) points of intersection coincide at P, 
the contact is said to be of the lith order, and the curves will, or 
will not, cross at P according as the order of contact is even 
or odd. 
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126. Analytic conditions for contact of the kth order. 

Let the curves y^fx and y = <^ intersect in the points Pi, 

Let OMx = a, and let 
h denote the distances 
from Mx to the ordinates 

JIfiPi, MJP^, MJP^, 

that is, let 




• • • • 



o Jf , 



M^ 



M»X ^ = 0, MiMi, M^M^, 



Then, for each of these values of A, we have 

<^(a -f A) =/(a + A), or =f{a + A) - «^(a -f A). (1) 

Expanding the second member of (1) by Taylor's theorem, 
we ha^e 

= (/a - 4,a) + (A - ^'a) A + (/"a - <^"a) ^' 
+ (/'"a - ^'"a) |3 • + ••• + (/*a - <^*a) T^ + ' ' ". (2) 

If Pa coincides with Pi, that is, if two values of h are zero ; 
by the theory of equations, from (2) we have 

fa = Kjya, fa = <^'a. (3) 

Hence, (3) are the two conditions for contact of the first 
order. 

If three values of h are zero, from (2) we have 

fa = ff>a, f'a = cl>'a, f'a = €l>"a. (4) 

Hence, (4) are the three conditions for contact of the second 
order. 

In general, if A; + 1 values of h are zero, from (2) we have 

fa = <^a, fa = <f>^a, f^a = <;/>"«, • • •, fa — <f>^a. (5) 

Hence, (5) are the k -\-l conditions for contact of the kth. 
order. 
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Or, in the differential notation, if when x = a 

y, dy /dx, d^y/doi?, • • •, d^y/doi^ 

all have the same values in one of two equations as in the 
other, the loci of these equations have contact of the A;th 
order at (a, y), 

Ex. Find the values of a, 6, c when the curves 

y = ax^ + 6x + c and y = log (x — 3) 
have contact of the second order at the point (4, 0). 

From y = log (x — 3), we have when x =»4, 

y = 0, dy/dx = l, d^y/dz^ = -h (1) 

From y = ox^ 4- 6x + c, we have when x = 4, 

y = 16a + 46 4-c, dy/dx = Sa + b, d^/dx^ = 2a. (2) 

Equating the values of y, dy/dx, and d^y/dx^ in (1) and (2), we 

obtain 

16a + 46 + c = 0, 8a + 6 = l, 2a=-l. (3) 

Solving system (3), we obtain 

a = — 1 /2, 6 = 6, c = — 12. 

Hence, the curve y = — x2/2 + 5x — 12 has contact of the second 
order with the curve y = log(x — 3) at the point (4, 0). 

Only three independent conditions can be imposed on the three general 
constants a, &, c; hence, in general, the given curves cannot have an 
order of contact above the second. 

127. Osculating curves. The straight line of closest contact 
(a tangent) has, in general, contact of the first order ; for two 
and only two independent conditions can be imposed upon 
the two arbitrary constants in the general linear equation, 

y = mx 4- c. 

The circle of closest contact, called the osculating circle, has, 
in general, contact of the second order ; for three and only 
three independent conditions can be imposed upon the three 
arbitrary constants in the general equation of the circle, 

(x - ay -f (2^ - by = A 
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The parobbola of closest contact, called the osculating parcibolay 
has, in general, contact of the third order ; for the general 
equation of the parabola has four arbitrary constants. 

The conic of closest contact, called the osculating conic, has, 
in general, contact of the fourth order ; for the general equa- 
tion of the conic has five arbitrary constants. 

It was necessary to qualify the above propositions by the words ' in 
general ' ; for at particular points the contact may be of a higher order 
than at points in general. For example, at a point of maximum or mini- 
mum slope the tangent has three coincident points in common with the 
curve, the contact is of the Second order, and the tapgent crosses the 
curve (§ 109). Again, at a point of maximum or minimum curvature, 
the circle of curvature, which does not cross the curve at the point of 
contact (§ 130), has contact of the third order at least. 

128. The osculating circle is the chxle of curvature. 

From §§ 115 and 126 it follows that any two curves which 
have contact of the second order have the same curvature at 
their common point ; and conversely. 

129. The circle of cw^vaturCy in general, crosses the curve at 
the point of contact. 

For its contact is, in general, of an even order. 

130. *At a point of maximMm or minimum curvature, the 
circle of curvature does not cross the curve. 

For on each side of a point of maximum curvature, the curve 
changes its direction more slowly than at this point ; hence, 
on each side of this point, the curve lies without the circle of 
curvature at this point, and therefore does not cross it. 

For a similar reason, the circle of curvature at a point of 
minimum curvature does not cross the curve. 

Since the circle of curvature at a point of maximum or 
minimum curvature does not cross the curve, the contact 
must be of an odd order (the third at least). 

* By a maximum or a minimum curvature is meant an arithmetic 
maximum or minimum, the quality of the curvature not being considered. 
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EXAMPLES. 

1. By drawing the figures, show that the four intersections of a circle 
and an ellipse coincide when the circle becomes the osculating circle to 
the ellipse at either end of the major or the minor axis. 

2. Show that the curve 4 y = 3 x^ — x^ and the line 4 y = 3 x — 1 have 
contact of the second order. 

3. Show that the parabola 8 y = x^ — 8 and the circle z^ + y^ = 6y-\-7 
have contact of the third order. 

4. Find the order of contact of the hyperbola xy=l and the parabola 
(X — 2)2 + (y — 2)2 = 2xy. 

5. Find the value of a when the hyperbola xy = Sx — 1 and the 
parabola y = x 4- 1 4- a (x — 1)2 have contact of the second order. 

Ans. a = — 1. 

6. Find the values of m and c when y = inx + c has contact of the 
second order with y = x' — 3 x^ — 9 x 4- 0. Ans. m = — 12 c = 10. 

7. Find the values of a, 6, c when the curves 

y = x^ and y = ax^ 4- 6x 4- c 
have contact of the second order at the point (1, 1). 

8. Find the values of a, 6, c when the curves 

y = sin X and y = ax^ 4- 6x 4- c 
have contact of the third order at (7t/2, 1). 

Ans. a = — 1/2, b = ;r/2, c = 1 — ;r2/8. 



CHAPTER X. 

CHANGE OF THE INDEPEKDEHT YAfilABLE. 

131. Different forms of the successive derivatives of 
dy/dx. 

(i) When x is independent, by § 78 we have 

d dij _ 6^11 d d dy _ d^y 
dx dx dx^ dx dx dx doi? 

(ii) When neither x nor y is independent, dy/dx is a 
fraction having a variable numerator and a variable denomi- 
nator, and ddx = d^x, etc.; hence, 

d dy _ dxd^y — dydj^x 
dx dx dx^ ' ^ ^ 

d d dy _ dx^d^y — dxdyd^x — 3 dxd^xdJ^y + 3 dy{d^xy 



dx dx dx dx^ 



(2) 



(iii) When y is independent, dhj = 0, d^y = 0, • • • ; hence, 
from (1) and (2) we obtain 

d dy _ dyd^x 
dx dx dx^ 



(i-) 



d d dy ^dy{(PxY — dxdyd^x 
dx dx dx dx^ 



(2") 



132. Change of the independent variable. In the appli- 
cations of the Calculus it is sometimes necessary to make a 
differential equation depend on a new independent variable 
instead of the one which was originally selected ; that is, we 
need to change the independent variable. 
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When X = <fi(z) and we wish to change the independent 
variable from x to z, we substitute for d^y /da^, d^y /dx^, • • •, 
respectively, the second members of (1), (2), • • •, in § 131. 

In the resulting equation we substitute for aj, dx, d^x, • • •, 
their values as obtained from the equation x = <l>(z), 

Ex. 1. Given x = cos $, change the independent variable from z to 
^in 

Substituting for d^/dz^ the second member of (1) in § 131, we have 

dx(Py — dyd^ _ ^ ^ 4. V = n ^2^ 

dx8 1 - x2 dx "*" 1 - x2 ^^ 

X = COS 6, .'. dz = — sin edO, 

d2x = — cos^^, 1 — x2 = sin2 e. 

Substituting these values in (2) and simplifying, we obtain 

d^/d0^ + y = O, (3) 

Equation (3) is the differential equation which would have been 
obtained if the differentiations which led to (1) when x was independent 
had been performed on the same equation under the new hypothesis 
that X = cos 6 and $ is independent. 

Ex. 2. Given y = tan z, change the function from y to 2 in 

dx2 ^ l+y2 \axj ^^ 

. dy . dz 

y = tan 2, .*. -r- = sec^z -r-^ 

dz dz 

g = 2 8eo»«tan^(|y+sec^^g 

1 + y = 1 4- tan z, 1 4- y2 = sec22;. 
Substituting these values in (1), we obtain 

d^z/dz^ — 2 (dz/dzf = cos^z. 

To change the independent variable from x to y we substi- 
tute for d^y/da:^, d^y/dx^, • • •, respectively, the last members 
of (1-), (2-), • • ., in § 131. 
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Ex. 3. Change the independent variable from x to ^ in 

Kdx^J dx dx^ dx^Kdx) ^^' 

Substituting in (1) for d^/dx^ and d^/dx^, respectively, the last 
members of (1^ and (2^ in § 131, we obtain an equation which may be 
reduced to the form 

d^/dy^ 4- d^/dy^ = 0. (2) 

The position of dy in (2) indicates that y is independent. 

EXAMPLES. 
Change the independent variable from x to 2; in 

1. »^0 + «^|^ + hy = 0, given x = e^, 

Ans. d^y/dz^ 4- (a — 1) {dy/dz) + by = 0. 

3. (1 + x2) —^ = X :;^> given x = cos«. Ans, :r^ = 0. 

^ 'dx2 dx ds^ 

. d2y , 2x dy , y ^ . 

'Ans, d^/dz^ + y = 0, 
^ d^ . Idy . ^ . „. . d^ . dy . . 

Change the independent variable from x to y in 



'• (^«S+-^)(SH«l+0 



dy d^y 
dx dx^ 

. /d2x\2 /cto V e?8x 



8. Change the independent variable from x to ^ in 

^ ^ d2y/(^2 — ' g^v®^ X = p cos ^, y = p sin e. 

The answer is the value of B obtained in § 116. 



CHAPTER XI. 

FUNCTIONS OF TWO OB MOBE YABIABUS. 

133. Partial differentials and derivatives. 

Let u=f{x,y), 

where x and y are both independent. The differential of w as 
a function of aj, y being regarded as constant, is denoted by 
9a.t*; and the differential of u when y alone is variable is 
denoted by 'QyU, These differentials are called the partial 
differentials of u with respect to x and y, respectively. 

The partial derivatives of u with respect to x and y are 
denoted by Qu/dx and Qu/dy, respectively. 

For example, if u — x^ / a^ + y'^ /K^, 

du/dx = 2x/a% du/dy = 2y/l^. 

xdu y du _x^ . y^ __ 
''' 2 dx 2 dy " a^ l^~ '^' 

EXAMPLES. 

1. When u = by^ + cx'^ + gy^ + ex, 

BxU = (6y2 + 2cx + e)dx, dyU = (2bxy + Sgy^)dy, 

2. u = \ogxy, x-Bu/dx + du/dy = y + \ogx» 

3. M = yx, Bu/dx 4- (y/x) • Bu/dy = u (logy + 1). 

4. u = \og(e^ + elf), Bu/dx + Bu/dy = 1. 

5. M = log (x 4- Vx2 4- y^), x -Bu/dx + y -Bu/dy = 1. 

6. u = xy/(x + y), x - Bu/dx + y Bu/dy = u. 

7. w = xi'y^, X • du/dx + y • Bu/dy = (x + y + log w) w. 
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134. Total differentials. If we differentiate u =/(«, y), 
supposing X and y both to vary, we obtain the total differ- 
ential, du, or df(Xf y). 

The proofs in §§ 16-28 hold equally well when u, y, and « 
denote functions of two or more independent variables ; hence, 
the total differential of f(x, y) may be obtained by the prin- 
ciples in those articles. 

135. The total differential of a function of two or more 
variables is equal to the sum of its partial differentials. 

By §§ 16-28 we know that all the terms of df(x, y) are 
linear in dx and dy. Hence, if u =f{x, y), we may write 

du = 4i(x, y) dx H- 4^1 («, y) dy, (1) 

where <l> (x, y) and <5^i (x, y) denote, respectively, the sums of 
the coefficients of dx and dy in the different terms of du. 
When X alone varies, (1) becomes 

9a:^ = <l> (^7 y) d^' (2) 

When y alone varies, (1) becomes 

9y«* = 4>i {^y y) dy- (3) 

From (1), (2), and (3), we obtain 

du = Q^u + QyU. 

To illustrate this theorem geometrically, let P (x, y) be a moving point 

in the first quadrant XOTj x and y both 
being independent. 

Let CD and AH, respectively, repre- 
sent what Ax and Ay would be, if at the 
values OC and OA the change of each x 
and y became uniform with respect to 
the same variable ; then CD = dx and 
AH = dy. 

u = area of rectangle OCPA = xy ; 

dxU = CDFP = ydx, 

ByU = APGH = xdy, 

du = CDFP + APGH 
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KoTATiON. It is often convenient to denote 9,tt by -;— dx 

ax 

or 3- tt • dx, and Q^u by -3— dy ov — u- dy, 
dx dy ay 

m. ^u.,(x,rt = ., g = -|^- (t) 

If u =f(xy y) = a, by § 135, we have 

^dx + ^dy = du = 0, (2) 

dx dy ^ ^ ^ 

Solving (2) for dy/dx, we obtain (1). 

Note. This formula for the derivative of an implicit function in terms 
of its partial derivatives is often useful and should be fixed in mind. 

Ex. Given y* — 2 x^y 4- to = a = w, to find dy/dx. 

Here 3u / dx = — 4xy + b, 

and du/dy = Sy^ — 2x^; 

.'. dy/dx = (4xy - b)/(Sy^ - 2x2). by (1) 



EXAMPLES. 
By § 135 find du when 

1. w = tey2 H- cx2 4- gy^. du = (by^ + 2 ex) dx + (2bxy + Sgy^)dy. 

2. w = y^. du = y^\ogydx + xy^-^ dy. 

3. w = logxy. du = x-^ydx + \ogxdy. 

4. w = tan-i {y /x). du = {xdy — ydx)/ {x^ +- y^), 
6. u = y»n« cLu = ysinx logy cosx dx + y"nx— 1 sinxd2/. 

By § 136 find dy/dx when 

6. x8 4-y8 — 3axy = 0. dy/dx = {x^ — ay)/{ax — y^). 

7. x"»/a"» 4- y"»/6"» = 1. dy/dx = — (x/y)"»-i (b/a)"*. 

8. xy — y=^ = 0. dy/dx = (2/2 — xy logy) /(x2 — xy logx). 

Q ^i^«,, .,i^rr^-A dy_y xlogy-y , 

9. X logy -y logx -0. __-.___. 
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137. If w =/(aJ, y? «)> y— <^ (^)) 9*^1^ z = <l}i(x)f u is directly 
a function of aj and indirectly a function of aj through y and ;s. 
The differentiation of such functions is often simplified by 
using the formulas in the next article. 

138. If u = f(x, y, z), y = <^(x), and z = <5^i(x), 

du _ 9m 9i* c?// 9m c?« 

rfaj dx dy dx dz dx ^ ^ 

where du/dx is the total derivative of\x as a function ofx. 

du = -r- dx-\- —r- dy + -^ dz, § 135 

dx ay dz 

Dividing by dx, we obtain (1). 

CoR. 1. If u =f{y, ^), y = 4^(x), and z = <l>i(x), 

du _ du dy Qu dz 

dx dy dx dz dx ^ ^ 

CoB.2. If«=/(y)andy = ,^(a:). g = g|. 

EXAMPLES. 

1. u ^ z^ + y^ -\- zy^ z — sin x, y = e^ ; find du/dz. 

Here 'du/dy = Zy'^-\- z^ du/dz = 2z + y, 

dz/dz = cosx, dy/dx = &'. 

Substituting these values in (2) of § 138, we have 

dw/cix = (3 2/2 4- z) e^ 4- (2 z + y) cos x 

= (3 e2^ + sin x) e^ + (2 sin x 4- e^) cos x 
= 3 e^^ 4- e^ (sin x 4- cos x) 4- sin 2 x. 

2. u = tan-i (xy), y = e^. dw/cZx = e* (1 4- x) / (1 4- x'^e^^). 

3. It = e«^ (?/ — 2), 2/ = ct sin X, 2 = cos x. du/dx = (a^ 4- 1) e«^ sin x. 

4. M = tau-i ^1 x2 4- 2/2 = r2. ^^ ^ 



X dx Vr2 — x2 

z du 6* Cf' 

5. u = sin - » z = e*, 2/ = aj2. -;- = (x — 2) — cos -r 

V dc ^ 'x^ x2 
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6. W = Vx2 ^ y1^ y — -nyx ■\- c, — = ' ' 

dx Vx-^ + (mz + c)2 

7. w = sin-i(y — «), y = 3a;, z = 4x^. du/dx = S/Vl — x:K 

8. M = x%2 — x^y/2 4- x*, y = logo;, dit/dx = x8 [4 (loga;)2 + 7/2]. 

139. Partial differentials and derivatives of higher orders. 
If we suppose only one of the independent variables to vary 
at the same time, by successive differentiations we obtain the 
successive paHial differentials d\Uf d\uy d^x'^y Q%'^h ' ' '> 

^'^' -d^^^' ^'^' ^'^^/^^ •••• 

For example, if u = x^ + xy^ + y^, 

dxU = (2 X + 2/2) dx, a2^u = 2 (?x2, as^w = ; 

ByU = (2xy + 2y) dy, B%u = (2 x + 2) dy^, d%u = 0. 



Q^xy'^y or ^ J dxdy. 



Similarly, the third partial differential 9'' ^^u, or ^ ^^^ dydx*, 



If we differentiate w with respect to x, then this result 
with respect to y, we obtain the second partial differential, 

dxdy 

For example, if u = x^ + x^y^, 

9a:W = (3 x2 + 2 xi/^) (Zx, B^xyU = 4 xydxdy. 

&u_ 
dydx^ 

denotes the result obtained by differentiating u once with 
respect to y, then this result twice successively with respect 

to X, 

The symbols for the partial derivatives are 

Qhi Q^u d^u Q^u Q^u 

, , , . — , , • • • 

da^ dxdy dif dx^ dydx^ 

In finding the successive partial differentials and deriva- 
tives of w, or f(x, y), we treat dx and dy as constants, since x 
and y are independent variables. 
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140. If u =/(.,,). 1^.-^. (1) 

&u_^_&u___&u_^ etc • (2) 

dx^dy~ dxdydx~ dydx^ *' ^ ^ 

that is, if u is differentiated successively m times with respect 
to X and n ^i'mes i^i^A respect to y, ^Ae result is independent of 
the order of these differentiations. 

Suppose X alone to vary in u =f(x, y)\ then 

K^^ = /(^ H- ^^y y) -f(^y y)' (3) 

Supposing y alone to vary in (3), we obtain 

Ay(A^?^) =f{x + Aaj, ?/ H- Ay) -/(a;, y -\- ^y) 

-f(x + Ax, y) -\-f(Xy y). 
In like manner we find 

A^(AyW) ^f{x H- Aaj, y H- A?/) -/(« + Aa;, y) 

-/(^, 2/ + ^2/) H-/(ic, y)' 
.\A^(A^u) = A^(\u)y 

Ay\Axy Ax\Ay/ ^ ^ 

Every term in A^u/Ax which contains Ax vanishes in the 
limit ; again, every term in —^ It -~ which contains Ay van- 
ishes in the limit ; hence, every term in — ^ — ^^ which con- 

' ' ^ Ay Aa; 

tains either Ax or Ay vanishes in the limit. 

Likewise every term in — - — '— which contains either Ax 

Ax Ay 

or Ay vanishes in the limit. 

Hence, by (4) we have 

lt^flt^Vit^flt^\or(l). 
Ay\ Ax y Ax\ Ay J ^ ^ 
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Differentiating (1) with respect to a*, we obtain 

dx \dxdyj ~~ dx \d]/dxj' dxdydx ~ dydx^ ^ ' 
Applying the principle in (1) to Qu/dx, we have 

dy dx\dx J ~ dx dy\dx J^ dx^dy ~" dxdydx ^ ^ 

From (5) and (6), we obtain (2) ; and so on. 

CoR. If, when Aaj = i and A?/ = vi, we have 

A*a^i^ = <ft (x, y) AxAy + vi^j where ti > 2 ; 
then Q^u = <^(x, 2/) c^^y. (7) 

EXAMPLES. 

Verify the identities (1) and (2) of § 140 in each of the four following 
functions : 

1. u = cos (x + y). 3. M = tan— 1 (y/x). 

2. u = x^^ + ay^, 4. u = sin {hx^ + ay^), 

5. ^u = (x + y)%x-^ + y-^^ = -^- 

X + y dx^ dxdy ax 
7. If u = (x2 + 2/¥^^x2g + 2X2,^ + 2/^5 = 0. 

q Tf 1 a^ I 9^^ I 9^:^n 

(X2 4- 2/2 + 22)1/2' e2x2 "^ dy2 "^ "d22 "' 

10. If w = e^S dxdd~ = (1 + 3 X2/2 + x'^^z^) u, 

11 T* • 1/ X 9»u l + 2x22/%2 

U. If w = sin— i(xy2), — 



dxd2/C?2 (1 — x22/2«2)6/2 
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141. To find the successive total differentials of a function of 
two independent variables in terms of its partial differential. 

Let u =f(x, y)) then, by § 135, we have 

, Qu .Qu 
au = -dx + -^^dy. (1) 

. ^ 9*'^ ^^ L 9'^ ^ J X 9^ . -, , 9'«* , o 

.*. dru = —r-z dor + - , dxdy + , , aycte -f -tt ay^j 

or .^„ = g^. + 2^^e^, + |^'ef2^. (2) 

Differentiating (2), remembering that, in general, each term 
in the second member is a function of both x and ?/, and apply- 
ing the principle of § 140, we obtain 

By successive differentiations, we obtain d^u^ d^u^ etc. 
From the analogy between these results and the binomial 
theorem, the formula for d^u is easily written out. 

142. Expansion of f (x H- h, y + k). Regarding x as the 
only variable, by Taylor's theorem we obtain 

fix + A, y + *)=/(*, y + A) + A £/(a;, y^■h) 

+ |S-^(^'2' + *) + ---- W 
Regarding y as the only variable, we obtain 

fix, y^k) =/(x, 2/) + J ^/(a^, y) + 12 ^/(^' 3/) + • • •• 
Substituting in (1) this value of /(a;, ?/ -f A;), we obtain 
/(a; + h,y + k) =f(x, y) + A £/(a;, y) + k ^f(x, y) 
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A symbolic expression for this formula is 
/(x + h,y + k) =f(x, y) + (h-^ + k -d^fix, y) 



8 



+^(^i+*|p(-'^)+---' («^ 



where 



L3 

\ dx dy) 



is to be expanded by the binomial theorem and /(aj, y) written 
after each of the resulting terms. 

If u =/(a;, 2/)j we may put u for /(a;, y) in (C) and (C). 

Compare (C) with (1) in § 144. 

Cor. 1. By a similar course of reasoning Taylor's theorem 
is extended to the expansion of functions of three or more 
independent variables, in series analogous to that in (C), 
or (C). 

CoR. 2. By Taylor's theorem we obtain the value of 
f{x-\-h)—f(x) in ascending powers of h] that is, Taylor's 
theorem expresses the increment of f(x) in ascending powers 
of the increment of x. Similarly, by the extension of Taylor's 
theorem, we express the increment of a function of two or 
more independent variables in ascending powers of the incre- 
ments of those variables. 

143. Maxima and minima of f (x, y). 
/(a, h) is a maximum of /(ic, y) when, for all small positive 
or negative values of h and k, 

f(a-hh,b-hk)-'f(a,b)<0. 

f(a, b) is a minimum of /(aj, y) when, for all small positive 
or negative values of h and k, 

f(a-hh,b-hk)-f(a,b)>0. 
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144. Conditions for maxima and minima of f (x, y). 

Putting u =f{x, y), from (C) of § 142, we obtain 

f(x -\-h,y-\-k) -f(x, 2/) = ^^ H- ^-^ 

When h and k are very small, the quality of 

f(x + h,y-{-k) -fix, 2/), 

or of the second member of (1), will evidently depend upon 
the quality of h and k unless 

Qu/dx = 0, and Qu/dy = 0. (a) 

But, by definition, when /(a;, y) reaches a maximum or a 
minimum value, the quality of f{x -\- h, y -\- k)— f(x, y) is 
independent of h and k. Hence, equations (a) express one 
condition for a maximum or a minimum of /(aj, y). 

Suppose x = a, y = b tohe one solution of system (a). 

Let A, B, C denote the values of 

Q'^u/dx^, Ql^u/dxdy, Q^u/dy'^, 
respectively, when x = a and y = b] then from (1), we have 

f(a -\-h,b + k)- f{a, h) = il {Ah^ + 2Bhk-\-Clc^-\-'" 

{Ah-\-Bky-\-{AC-B^k' ^ ,^^ 

= A\2 + • • •• ^^ 

The quality of the second member of (2) is independent of 
h and k when and only when AC — B^ is positive or zero.* 
For when AC — B^ is negative, the numerator will be positive 
when Aj = 0, and negative when Ah -f Bk = 0. Hence, a 
second condition for a maximum or a minimum of f(x, y) is 

♦The limits of this treatise exclude the investigation of the exceptional 
case when AC = B^ or when A = B=C = 0. 
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When condition (b) is satisfied by x = a, y = b\ from (2) 
we see that /(a, b) will be a maximum or a minimum of 
/(«, y) according as A, or Q^u/dx^l^^^, is negative or positive. 

Cor. 1. Condition (b) requires that 9'w/cte^]a,6 and 
Qhc/dy^a^f, have the same quality. 

Note. This discussion assumes that /(x, y) and all its successive 
derivatives are continuous functions. 

Cor. 2. By a similar course of reasoning we may obtain 
the conditions for maxima and minima of functions of three 
or more variables. 

EXAMPLES. 
Examine for maxima and minima 

1. u =/(x, y) = x2y + xy^ — axy, 

9u/dx = (2x + y — a)y, Bu/dy = {2y -hx — djx, 
dhi/dx^ = 2y, BH/dy^ = 2 x, 

dhi/dxdy = 2x + 2y — a. 
Hence, condition (a) of § 144 is 

(2x + y-a)y = 0, (2y + x-a)x = 0; (1) 

and condition (b) is 

4xy>(2x + 2y-a)2. (2) 

System (1) has the four solutions (0, 0), (a, 0), (0, a), (a/ 3, a/ 3). 
The last, and it only, satisfies (2) ; hence, /(a/ 3, a/S) is a maxi- 
mum or a minimum of /(x, y). 
If a is positive, d^/dx^ is positive when y = a/3 ; hence, 

/(a/3, a/3), or — aV27, 

is a minimum. If a is negative, Bhi/dz^ is negative when y = a/^t; 
hence, —a^/27 is a maximum. 

2. u = x^ + y^ — Sttxy. 

Ans. When a is + , — a^ is a min. ; when a is — , — a* is a max. 

3. u = x^ + xy + y^-ax-by. j^^s. {a6 - a2-62)/3 ig a min. 

4. w = x8y2(a-x-y). jina. aP/ 432 is a max. 
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6. M = aj* + y^-2x2 + 4x2/-2y2. ^^. -Sisamin. 

6. M = (2ax-x2)(26y-y2). • ^^^ a^l^ia&ma,x. 

7. Find the maximum of xyz subject to the condition 

xVa2 + y2/62 + 22/c2 = 1. 

Since xyz is arithmetically a maximum when x^yS • ^2/^2 is a maxi- 
mum, we put 

« = ^v| = xy(l-g-f,)- 
Here condition (a) of § 144 is 

'^yi^-'S-'i)='^ 2*^(»-§-¥)=o. (1) 

and condition (b) is 

/l_^'_2^^/l_??_6^y2v>4/i-2x2_2y2v2 

The only solution of system (1) which satisfies (2) is 

a; = a/V3, y = b/Vs. 

dx2 ^2^ V^ a2 62; 9 ' wnen ^ - ^' ^ - ^ 

Hence, a6c/3 Vs is a maximum of xyz. 

8. Given the sum of the three edges of a rectangular parallelopiped ; 
find its form when its volume is a maximum. j^^^ ^ cube. 

9. Divide m into three parts x, y, z such that x°y^z<^ may be a maxi- 
°^^"^- -4n«. x/a = y/b = z/c = m/{a-\-b + c). 

10. Divide 24 into three such parts that the continued product of the 
first, the square of the second, and the cube of the third may be a maxi- 

^^^' Ans. 4, 8, 12. 

11. The vertices of a triangle are (xi, yi), (X2, yz), and (xs, ys) ; find 
the point the sum of the squares of whose distances from the vertices is a 
maximum. 

Ans. [(xi + xa + Xs) /3, (yi + y2 + ^s) /3], or the centre of gravity 
of the triangle. 



CHAPTER XII. 

ASYMPTOTES. SnTGULAS POINTS. GTTSVE TBACING. 

145. An asymptote to a curve is a fixed line which is the 
limit of a tangent when the point of contact moves out along 
an infinite branch of the curve. 

146. To obtain the equations of the a^ym/ptotes t<f the curve 

A^, y) = 0, (1) 

where f (x, y) is of the nth degree in x and y. 

Let y = mx + I (2) 

be the equation of a tangent to (1). 

Substituting mx + I for y in (1), we obtain 

f{x, 7nx + Z) = 0. (3) 

Equations (2) and (3) form a system which is equivalent 
to the system (1) and (2); hence, the n roots of (3) are the 
abscissas of the n points common to the curve (1) and its 
tangent (2). 

Since (2) is a tangent to (1), two roots of (3) are equal. 

Conceive the point of contact to move out along an infinite 
branch ; then the two equal roots of (3) will become infinites. 

Therefore, by algebra,* the coefficients of a*" and x^~^ in (3) 
will approach zero as their common limit. 

* Substituting 1/x for x in (1), and multiplying by aj*», we obtain (2). 

OJ" + PiX»-l + P2^~^ + • • • + Pn-2«^ + Pn-\X + P„ = 0. (1) 

p„a« + Pn-l^"^ + p„_22c"~- + • • • + PiX^ + pix +1 = 0. (2) 

Tlie n roots of (2) are the reciprocals of the n roots of (1). 
Whenpn = andp„_i == 0, two roots of (1) == 0; .*. two roots of (2)=qo. 

Whenpn = and Pn—i = 0, two roots of (1) = ; .*. two of the n roots 
of (2) assume the form op, and (2) has, in reality, only n — 2 roots. 
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Hence, by putting the coefficients of af* and a^~^ equal to 
zero, and solving the resulting system of equations for m and 
I, we obtain the slope and the intercept of each asymptote. 

Ex. Examine for asymptotes the curve, 

Let y = mx + l (20 

be the equation of an asymptote to (1'). 

Substituting mx + Z f or y in (!') and arranging the terms according to 
the powers of x, we have 

(m8 + l)x3 + (^mH - a)x2 + 3 ml^ + «» = 0. 




Putting the coefficients of x^ and x^ equal to zero, we have 

•m3 + l=0, 3m2Z-a = 0. 

The only real solution of system (3') ism=— 1, 1= a/S, 
Substituting these values in (2'), we obtain 

2/ = — x + a/3, 

which is the only real asymptote to curve (!'). 

The locus of (1') is the curve nOPm, and that of (4^) is the asymptote 



(30 



(40 



Cor. 1. If we expand /(x, mx + ^ and arrange the result 
according to the descending powers of x, (3) will assume the 
form 

A^ will be of the nth. degree in m, but will not contain I, 
-4„_i will be linear in L 
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Hence, the system, ^ = and ^„_i = 0, (when determi- 
nate) has at most only n solutions ; whence a curve of the nth 
order cannot^ in general^ have more than n ast/mjjtotes. 

When, as is assumed in this article, equation (1) is of the 
nth degree in y, there will be no asymptote parallel to the 
y-axis ; and conversely (§ 148). 

Cor. 2. The n roots of equation (4) are the abscissas of 
the n points common to the curve (1) and the line (2). 

When A^= and ^„_i = 0, (4) is, in reality, of the 
(n — 2)th degree and has only 7i — 2 roots, the other two 
of the n roots assume the form c^. 

Hence, an asymptote to the curve (1) cannot have tnore than 
n — 2 points in common with the curve. 

For example, (I') and (4') form a system which is defective in two 
solutions ; hence, the asymptote AB^ or (4'), has only the one point V 
in common with the curve nOPm, or (1'). 

Any line parallel to an asymptote has a slope m which 
satisfies A^ = ', but when A„ = 0, (4) has only n — 1 roots. 

Hence, any line parallel to an asymptote to the curve (1) can- 
not have more than n -— 1 points in common with the curve. 

For example, (1"^ and y = — x + c form a system which is defective in 
one solution ; hence, any line parallel io AB cannot have more than two 
points in common with the curve nOPm. 

EXAMPLES. 
Examine for asymptotes 

1. The folium of Descartes x^ + y^ = 3 axy. § 155, fig. C 

2. 2/' = 0x2 -{- x\ y = x + a/'], 

3. The conic sections. ay = ±: bx, 

4. (y2 _ 1) 2/ z= (a;2 — 4) X. y = x. 

5. y* — X* + 2 ax^y = l)^^, y=±z — a/2. 



^, if* — >/* — t^Tpf — "f^jr- 1 = — i 

y = — x/:l — 4, -L y =r — :, 4. ^ = — x-r3/i 

>, Vtf*v*', thuA tt^ *i^ir.pcotft y = — -ff ladB uiree p«:izxia of infidiaec- 
tt^m with iTji ear^e jc* -r y* = «*. 

147^ Parana asjmpCoCes. In (4; of f 146 it sometimes 
hjif^p^m» t>i^ >^»— 1 = ^^ '^i'^^ i^<>^ determine / for one or more 
/// tii^ v^\ue» hi m given by ^ = 0. I^ in this case^ / is 
fUfU^rmlrif^l \jj A^^^ = (), which is a qnadrattc equation in I, 

w*'. f^hall o\Af%in for each value of m two Taloes for /. This 
^»vft» /«/?// jffi.ralMl asymptotes, each of which lacks three 
p^nuUi of iuU'.m^J^um with its curve; for, in this case, (4) 
in S H^/ lia» (m]y » — 3 roots, the other three roots assume 
ihft tmui op, 

M I \% uf/t rliftermincd by ^i,_2 = 0, but is determined by 
^f, « "" ■ ^^ ^^' ol/tain <Are« parallel asymptotes ; and so on. 

(UfH, Any one of k parallel asymptotes lacks k -\-l points 
of iuU'.rMu^ujti with its curve ; and any line parallel to k par- 
fi\M unymiftfjUm larjk« k imnts of intersection with its curve. 

Kx, K%Atti\iu; y^ — x^ — jP^ + x^ + x^ — y^ = l for asymptotes. 

Hu^mihiiiUm rnx 4- I for y, we obtain 

(m» • m2 — 7M + ])x'^ + (:; rAi2i — m2 — 2 mZ — i + l)a;2 

+ (.3mi2 _ 2mi - l^)x + (i^ _ fz _ i) = q. 

K<|imtlnK Uio ofx^ftloh^ntH of x' and x^ to zero, we have 

7At« — 77*2 — m + 1 = 0, (1) ^ 

i] in'H - 7n2 — 2 7rti - i + 1 = 0. (2) J 

From (1), 771 = — 1 or 1. 

Whim 7/t — — 1, from (2) wo obtain i = ; hence, one asymptote is 

y = — X. 
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When m = 1, (2) does not determine L This indicates that there are 
parallel asymptotes having the slope 1. To obtain the values of I for 
these asymptotes, we equate the coefficient of x to zero, and obtain 

3mP-2mZ-f2 = 0. (3) 

When m = 1, from (3) we obtain Z = or 1 ; hence, the parallel 
asymptotes are y = x and y = x + 1, 

148. Asymptotes parallel to either axis. In § 146, let 
the axes be revolved until the y-axis is parallel to an asymp- 
tote ; then one value of 7/1 will assume the form cp ; hence, 
^ = will be below the wth degree in m, and therefore 
f{x, y) = will be below the nth degree in 1/. 

Conversely, if /(x, 2/) = is below the ?ith degree in y, there 
will be one or more asymptotes parallel to the y-axis. 

Hence, if f(x, y) = is below the nth degree in either x or 
y, there will be one or more asymptotes parallel to a co-ordi- 
nate axis. To find the equations of these asymptotes, equate 
to zero the coefficients of the highest powers of x and y. 

The following example will make clear this principle : 

Ex. Find the asymptotes of the cun^e, 

y2x2 - 3yx2 — 5xy2 + 2x2 -h 62/2 + X + 2/ + 1 = 0. (1) 

Arranging (1) in descending powers of x, we have 

(2/2 - 3y + 2)x2 - (52/2 _ i)x + 62/2 + 2/ + 1 = 0. (2) 

Equating the coefficient of x2 to zero, we obtain 

2/2 — 32/ + 2 = 0; that is, 2/ = 1, y = 2. 

Substituting 1 for 2/, (2) becomes — x + 2 = 0. 

Hence, (2) and y = \ form a system which is defective in three soUi- 
tions ; that is, (2) and y = \ have only one common point. 

Substituting 2 for y, (2) becomes — 10 x + 27 = ; hence, (2) and 
2/ = 2 form a system which is defective in tliree solutions. 

Therefore, y = \ and y = 2 are two parallel asymptotes, which are 
parallel to the x-axis. 

Arranging (1) in descending powers of y, we have 

(x2 - 5x + 6)2/2 - (3x2 - 1)2/ + 2x2 + X + 1 = 0. (3) 

From (3) we see that x = 2 and x = 3 are two parallel asymptotes, 
which are parallel to the y-axis. 
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EXAMPLES. 
Find the asymptotes to 

1. The cissoid of Diodes (2a — x)y^ = x\ 
See example 3 and fig. 3, § 155. 

2. The strophoid x (x2 + y^) + a (x2 - y'^) = 0. 
See example 7 and fig. 7, § 156. 

3. xy^ + a8y = a*. a? = 0, y = 0. 

4. y2 (a;2 - a2) = X. 6. x2y2 = c2 (x2 + y2). 

5. xy — cy — 6x = 0. 7. (x — &)2 (y — c) = a\ 

8. (x — a) y2 rz x8 — ax2. x = a, y=±x±a. 

9. x8 + 2 x2y + xy2 — x2 — xy = — 2. x = 0, 2/ = — x, 2/ = — x + 1. 
10. 2/8 — xy2 — x2y 4- x' + x2 — 2/2 = 1. 2^ = ± X, 2^ = X + 1. 

n. x22/2-x22/-x2/2 + 2x + 32/ + l=0. 

2/ = 0, 2/ = 1» X = 0, X = 1. 

12. 2^ — 5x2/2 + 8x22/ — 4x3 — Zy"^ + 9x2/ — 6x2 + 2 2/ — 2x = 1. 

2/ = x, 2^ = 2x4-1, 2/ = 2x + 2. 

. 149. Asymptotes to polar curves. When 
OP, or p, revolves about 0, it will become c^ 
when, and only when, it is parallel to an 
asymptote, as SN, Hence, any value of 
which makes p = op gives the direction of 
an asymptote, and the corresponding value 
of the subtangent OS gives the distance and 
direction of this asymptote from the pole 0, 

EXAMPLES. 
Examine for asymptotes 
1. The hyperbolic spiral pd = a. 

When ^ = 0, p = ap, and the subt. = — a. 

Therefore, the line parallel to the polar axis and at the distance a 
above it is an asymptote to the spiral, 
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2. The curve p cos ^ = a cos 2 e. 

When = ;r/2, p = ap, and subt. = — /i. 

Hence, the line perpendicular to the polar axis at the distance a to 
the left of the pole is an asymptote. 

3. The curve p2 cos 6 = a^ sin 3 0. 

4. The curve p = a sec 2 ^. 

There are four asymptotes forming the sides of a square, each 
being at the distance a/2 from the pole. 

5. The polar axis is an asymptote to the lituus pV0 = a. 

Singular Points. 

150. The singular points of a curve are those points which 
have some peculiar property independent of the position of the 
co-ordinate axes. Points of inflexion and viultlple points are 
varieties of singular points. 

Points of inflexion have already been considered in § 109. 

151. A multiple point is one through which two or more 
branches of a curve pass, or at which they m^et. 




A multiple point is double when there are only two 
branches, triple when only three, and so on. 

A multiple point of intersection is a multiple point at 
which the branches cross each other (fig. a). 

An osculating point is a multiple point through which the 
branches pass and at which they are tangent to each other 
(figs, h and c). 
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A cusp is a multiple point at which the branches terminate 
and are tangent to each other (figs, d and e), 

A cusp or osculating point is of the first or the second 
species according as the two branches are on opposite sides 
(figs, h and d) or the same side (figs, c and e) of their common 
tangent. 

152. To find the Tnultiple points of a curve. 

At a multiple point each branch has its own tangent; hence, 
at such a point dy /dx has two or more values. 

Let f(xy y) — be the algebraic equation of the curve free 
from radicals and fractions ; then, by § 136, we have 

Since u contains neither radicals nor fractions, this expres- 
sion for dy I dx can have only one value at any given point 
unless it assumes the indeterminate form 0/0; hence, at a 
multiple point we have 

'Qufdx = 0, Qu/dy = 0. (1) 

Any solution of system (1) which satisfies the equation of 
the curve gives a point on the curve at which 

dy/dx = 0/0. (2) 

The form in (2) can be evaluated by the method of § 88. 

If, in (2), dy/dx has two or more unequal real values, the 
point is, in general, a 7nultiple point of intersection. 

If, in (2), dy/dx has two equal real values, the point is, in 
general, an osculating point or a cusp. 

Ex. 1. Examine the curve x* + ox^y — ay® = for multiple points. 
Here u — x^ + axh/ — ay^ = ; (1) 

.*. Bu/dx = 4 x3 -j- 2 axy, ^u/dy = ox^ — 3 ay\ (2) 

Equating these partial derivatives to zero, we have 

x(2x2 + a2/) = 0, x2- 32/2 = 0. (3) 
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The only solution of system (3) which will satisfy (1) is x = 0, y = 0; 
hence, the only point to be examined is (0, 0). 
From (2) and § 136, we have 

dy _ 4x^ + 2 axy _ f x = 0, 

dx" Say^-ax^ "" ^^®^ ly = 0. 

Evaluating this fraction by the method of § 88, we find 

dy/dx]o,o = 0, +1, —1. 

Hence, the origin is a triple point of intersection at which the inclina- 
tions of the branches are, respectively, 0, ;r/4, Sit/ 4. 

The general form of the curve at the origin is shown in § 161, fig. a. 

Ex. 2. Examine the curve a^y^ = a^x* — x^ for multiple points. 

Here u = a*y^ — a^ + x^ = 0; (1) 

,'.Bu/dx = —4: a2x8 + 6 x^, du/dy = 2 a^y. (2) 

The only solution of the system, 

-4a2x3 + 6x6 = 0, 2a*2^ = 0, (3) 

which will satisfy (1) is x = 0, y = 0. 

dy _ 4a2x»--6x5 _0 rx = 0, 

dx" 2a^y "O^^^'Xy^O. 

Evaluating this fraction, we have 

dy/dx]oyQ= ±0. 

An inspection of its equation shows that the curve passes through the 
origin and is symmetrical with respect to the x-axis ; hence, the origin is 
an osculating point of the first species (§ 165, fig. 6). 



Ex. 3. Examine y^ = x{x -{- a)^ for multiple points. 

r X = — a, 



_- dy 3x2 + 4ax + a2 , 

Here -r- = ; = ;: when 

dx 2y 

Evaluating this fraction, we obtain 



dy/dx]^aio = ±V— a. 

When a is negative, (— a, 0) is a double point of intersection. 

When a is positive, the slopes of both the branches which pass through 
the point (—a, 0) are imaginary ; hence, these branches do not lie in the 
plane of the axes, but are a part of the imaginary locus. 

When a is positive, the multiple point (— a, 0) is isolated from the rest 
of the plane locus, and is called a conjugate point. 
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153. A conjugate point is a multiple point whicli is formed 
by imaginary branches meeting or crossing each other in the 
plane of the axes. 

Such a point is, in general, entirely isolated from the plane 
locus 5 but in exceptional cases it may lie on it. 

At a conjugate point dy/dx is, in general, imaginary; but in excep- 
tional cases it may be real, since the tangents to the imaginary branches 
at such a point may lie in the plane of the axes. 

A shooting point is a multiple point at which two or more branches 
end but are not tangent to each other. A stop point is a point at which 
a single branch of a curve ends. As a shooting point or a stop point 
never occurs on an algebraic curve, they will not be further considered. 

EXAMPLES. 
Show that the curve 

1. ay2 = x^ has a cusp of the first species at (0, 0). § 156, fig. 2. 

2. 2/® = 2 0x2 _ aj3 has a cusp of the first species at (0, 0). § 165, fig. 4. 

3. x-' + 2^ = 3 axy has a double point of intersection at (0, 0). § 155, 
fig. 6. 

4. y2 = aj2 (a2 — x^) has a double point of intersection at*(0, 0). 

The form of this curve is similar to that of the curve in § 165, fig. 13. 

5. X (x2 -{• y'^) = a (2/2 — x2) has a double point of intersection at (0, 0). 
§ 156, fig. 7. 

6. 2/^ (a2 — x2) = X* has a point of osculation of the first species at 
(0, 0). 

7. y2 = 2 xhf + x% — 2 X* has a conjugate point at (0, 0). 

The slope of each branch at (0, 0) is real ; but (0, 0) is an isolated 
point ; hence, it must be a conjugate point at which the tangents to 
the imaginary branches lie in the plane of the axes. 

8. ay^ = (x — a)2 (x — h) has at (a, 0) a conjugate point when a -< 6, 
a double point of intersection when a >> 6, and a cusp when a = 6. 

9. 0^2/2 — 2 ahx^ = x^ has at (0, 0) a point of osculation and a point 
of inflexion on one branch. 
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Curve Tracing. 

154. Symmetry. The following principles of symmetry 
of loci are easily proved : 

A locus is symmetrical with respect to the a-axis when its 
equation contains only even powers of y, 

A locus is symmetrical with respect to the y-axis when its 
equation contains only even powers of x, 

A locus is symmetrical with respect to the origin when the 
terms in its equation are all of an odd or all of an even degree 
in X and y, 

155. To trace the locus of an equation we first find its 

Axis or centre of symmetry, if any ; 
Intercepts on the axes, and its limits ; 
Maxima and minima ordinates, if any ; 
Asymptotes and singular points, if any. 

It is useful to remember also that an infinite branch is 
convex toward its asymptote. 

EXAMPLES. 
1. Trace the cubical parabola a^ = x\ 




Fro. 1. 

The origin is a centre of symmetry and a point of inflexion, to the 
right of which the curve is concave upward. The infinite branches 
are in the first and the third quadrant. When x = ±qo, 0=:;r/2. 

For the form of the curve, see fig. 1.. 
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Fig. 2. 



2. Trace the semi-cubical parabola a^f^y = x^^\ or ay^ = ofi. 

The curve is symmetrical with respect to the 
X-axis, and lies to the right of the 2/-axis. 
The origin is a cusp of the firs'i species. 
When X = Qo, == n/2. 
For the form of the curve, see fig. 2. 

The curve 

(jn-ly = x»» (1) 

is frequently called the parabola of the nth degree^ 
n being greater than unity. 
When n = 2, (1) becomes 

ay = x\ (2) 

the locus of which is the common parabola with 
its axis on the ^-axis. 

When n is an even integer or a fraction having 

an even numerator and an odd denominator, the 

general form of curve (1) is that of the common 

parabola (2). 

When n is an odd integer or a fraction with an odd numerator and 

an odd denominator, the general form of curve 
(1) is that in fig. 1. 

When n is a fraction having an odd numer- 
ator and an even denominator, the general form 
of (1) is that in fig. 2. 

3. Trace the eissoid of Diodes, 
y2=jc8/(2a-x). 

^ The X-axis is an axis of symmetry. The 
curve passes through (a, a) and (a, — a). It 
lies between x = and the asymptote x = 2 a. 

The origin is a cusp of the first species. (See 
fig. 3.) 

To construct the eissoid geometrically, draw 
any line OR from to XR, and take 

RP= OS; 

then P will be a point on the eissoid. 
Fig. 3. 




R 
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Fig. 4. 



4. Trace the curve y^ = 2 ax^ — z^ 

y=—x + 2 a/3 

is an asymptote. 

(2 a, 0) is a point of inflexion, 
to tlie riglit of wliich the curve 
is concave upward. Hence, 
the infinite branch in the fourth . 
quadrant lies above the asymp- 
tote, and the one in the second 
below it. 

Whenx = 4a/3, 

y = 2aVi/S, 
a maximum ordinate. 

The origin is a cusp of the 
first species, the y-axis being tangent to both branches. (See fig. 4.) 

5. Trace the curve a^^ = a^x* — afi. 

Each axis is an axis of sym- 
metry. The origin is an oscu- 
lating point of the first species. 
The curve is enclosed by the 
tangents 

x=±a,y=±2 a V3/9. 
When x= ± a V6/3, Fio. 6. 

y = 2 a V3/9, a max imum. 

When x=± aV27-3V33/6, (x, y) is a point of inflexion. (See 
fig. 5.) 

6. Trace the folium of Descartes y^ — 3 axy + x* = 0. 

y=— X — a is an asymptote. 

The infinite branches are concave 
upward, and hence lie above this 
asymptote. 

dy/dx = at (0, 0) 

and (aV2, aVi); 

dy/dx = ap a.t (0, 0) 

and (aVS, aV2). 

This indicates a double point of 
intersection at the origin and a loop 
tangent to the axes and the lines fiq. 6. 





y = a Vi and x = aVl, (See fig. 6.) 
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7. Trace the strophoid x (x2 + y2) + « (x2 — y'^) = 0. (See fig. 7.) 

8. Trace the hypocycloid of four cusps x^/s + ^2/8 = ^^2/8, 

Each axis is an axis of symmetry. 

The limits of the locus are x = ± a, y=±a. 

dy/dz = — (y/x)^/^ = 0, at (— a, 0) or (a, 0), 

= apj at (0, — a) or (0, a) ; 

hence, there is a cusp of the first species at each of these four points. 

d^/dx^ = a^^^/Sx^f^y^^^; 

hence, the curve is concave upward in the first and second quadrants. 
(See fig. 8.) 





Fig. 7. 

In order to examine this curve for cusps by the method of § 162, 
it would be necessary first to rationalize its equation. 

This curve is traced by a point, P, in the circle PB (fig. 8) as it rolls 
within the fixed circle XBYX\ whose radius is four times that of the 
circle PB, 

9. Trace the evolute of the ellipse, 

(ax)2/8 + (62/)2/8 = (a2e2)2/8^ 

where a and h denote the semi-axes, 
and e the excentricity of the ellipse. 

Each axis is an axis of sym- 
metry. The curve is enclosed by 
the lines x = ± ae2, y = ±. a!^e^/h. 

dy/dx = — (a22//62x)i/8 = 0, 

at (— ae2, 0) or (ae^, 0); 

dy/dx = ap, 
at (0, — a2e2/6) or (0, a2c2/6). 




FtQ. 9. 
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Hence, there is a cusp of the first species at each of these four 
points. 

The curve is concave upward in the first and second quadrants. 
(See fig. 9.) 

10. Trace the conchoid x2y2 = (^2 _ ^^2) (^ + y^, 

11. Trace the witch of Agnesi (x^ + 4 a^) y = 8 a*. 



;r/2, cos-J(— 6/a), 



^ 



R 



12. Trace the curve x^ + y^ = a*. 

13. Trace the polar curve p = a cos d + h. 
When ^ = 0, ;r/4, 

p = a + h, V2a/2 + 6, 

when ^ = 3;r/4, ;r, 

p=— V2a/2 + 6, —a + 6, 

These values of p will recur in 
reverse order as 6 increases from tc 
to 2 ;r ; hence, the locus is symmet- 
rical with respect to the polar axis. 

Locating these points for a = 3 and 
5 = 2, we obtain the curve in fig. 10. 

When a > 6, the point is a double 
point of intersection, as in the figure. ^| 

When a = 6, is a cusp. 

Wlien a<6, there is a point of 
inflexion at B and at S^ and is not 
on the curve. 

When a = 6, this curve is called 
the cardioid. 

When a = 2 6, it is called the limaQon, 

14. Trace the curve p = a sin 3 ^. 

p = a, a maximum, when sin 3 ^ = 1; 
that is, when 6 = ;r/6, 5 7t/6, • • •, 

p = — a, a minimum, when sin 3 ^ = — 1 ; 
that is, when 6 = ;r/2 , 7 ^/O, • • *. 
When^ = 0, ;r/6, ;r/3, ;r/2, 2;r/3, 6;r/6, ;r, 
p = 0, a, 0, — a, 0, a, 0, 

The curve consists of three ecjual loops. (See fig. 11.) 



0; 




Fig. 10. 



• • • 



142 



DIFFERENTIAL CALCULUS. 



15. Trace the curve p = a sin 2 ^. 

The curve consists oifour equal loops. (See fig. 12.) 
The locus of p = sin ^ is a circle, a curve of one loop. 

From the number of loops when n = 1, 2, 3, we infer that the 
locus of p = a sinnO consists of n loops when n is odd, and 2 n loops 
when n is even. 





Fig. 11. 



Fio. 12. 



Fig. 13. 



16. Trace the lemniscate p^ = a^ cos 2 6. 

The lemniscate is the locus of the 
intersection of a tangent to the equi- 
lateral hyperbola and a perpendicu- 
lar to the tangent from the origin. 
(See fig. 13.) 

17. Trace the curve p = a sin8(^/3). 
(See fig. 14.) 




Fig. 14. 



18. Trace the curve p = a cos ^ cos 2 6, 



19. Trace the logarithmic spiral p = e«^. 



PART II. INTEGRAL CALCULUS. 



CHAPTER I. 
STANDABD FOBMS. DISECT INTEGBATION. 

156. Integration. Having given the diilerential of a func- 
tion, integration is the operation of finding the function. In 
other words, having given the ratio of the rate of a function 
to that of its variable, integration is the operation of finding 
the function. 

A function is called an integral of its differential. 
Thus, fx is an integral of f^(x) dx, 

157. The general or indefinite integral of any differential 
<f>(x)dx is the most general function whose differential is 

<l> (x) dx. The sign of indefinite integration is I . Thus, | in 

the expression | <f> (x) dx denotes the operation of finding the 

indefinite integral of <t>(x)dxj while the whole expi*ession 
denotes the indefinite integral itself. 

For example, if C is a general constant, a;^ + C is the most general 
function whose differential is 3 x'^dx ; that is. 



/■ 



x8, x' — 1, x^ + 8, • • • are particular integrals of Zx^dx. 

The signs d and I indicate inverse operations, and, in gen- 
eral, neutralize each other. 
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Thus, dj <f>(x)dx = <l> (x) dx ; 

and fd{fx+C)=fx+C) 

but Cdfx =fx + (7, 

where C denotes a general constant called the constant of 
integration, 

Notation. In the following pages we shall use fx+Cio 
denote the general or indefinite integral of the differential 
<^ (x) dx. 

158. Elementary principles. 

(i) r<|)(u) du = fu + C, if dfu = <|)(u) du. 

This principle affords the simplest proof of formulas for 
indefinite integration. 

-—7 + (7, since d — — 
+ 1 n + 

— = log u+ C. since d (log u)= — ; 
u ^ ^ u 

/a^ a** 
a'^du = z h (7, since d z = d^du. 
log a log a 

In like manner all the formulas in § 159 can be proved. 

(ii) A constant factor can be transposed from one side of the 
sign of integration to the other without changing the value of 
the integral. 

For if a and c denote any constants, we have 

ady = d (ay + ac) ; 

.*. I ady = a(y -\' c) = a I d(y + c) = a I dy. 



W'du = — — 7 + C, since d — — r = u'^dui 

71 + 1 71 + 1 
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(iii) The integral of a polynomial is equal to the sum of the 
integrals of its several terms. 

For du-\-dy + dz = d{u + y + z + C)\ 

.-. l(du -\-dy-hdz) = u-\-y-\-z-\-C 

= I du+ I dy + i dz. 
(iv) rO=(7, since e?C=0. 

159. Standard forms and formulas. We give below a 
list of standard integrable forms. To integrate a differential 
directly, we reduce it to some one of these standard forms, 
and apply the formula. The most of these formulas are 
easily obtained by reversing the formulas for differentiation, 
and each is readily proved by (i) of § 158. The list will be 
gradually extended, and a supplementary list given later. 

u'^du = — — 7 + (7, where n is not — 1. [11 

n-hl ^ -" 

f^^\ogu + a [2] 

Ce^'du = e« + a [4] 

I sin udu = — cos u+ C, or vers u + C [5] 

I cos udu = sin w + (7, or — covers u+ C [6] 

j sec^udu = tan u+ C. [7] 

Ccschidu = — cot w + (7. [8] 
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i sec u tan udu = sec u + C. [9] 

I CSC u cot udu — — CSC u + C. [10] 

I tan udu = log sec w + C. [11] 

j cot udu = log sin u-\- C, [12] 

CSC udu = log tan ^ + C'- [13] 

j sec udu = log tan ( 9 + T ) + ^* [1^] 

f-^^ = i tan-i - + C, or - i cot^^ - + C. [15] 

/c?i^ 1 . u — a 1 , a — w ■ 

-^ 2 = ;r- log ^7— + C, or ;r- log -— — + C [16] 



du . .u . ^ ^u 



-^== H sin- -+C,ov- cos- - + C. [17] 



c?w 



r-74= = log (« + V^i^^7») + a [18] 

C ^- = - sec-1 - + C, or - i csc^^ - + C\ [19] 

C , ^^ = vers-1 - + C, or - covers-^ - + C\ [20] 

J V2 au - u? a ' a «- -^ 



Of these twenty forms only the first three are really funda- 
mental; for by proper substitutions each of the others can be 
reduced to one of these three. 

In the applications of these formulas we shall omit the 
constant of integration C, as it can readily be added when 
necessary. 
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160. The variable parts of the indefinite integrals of the 
same or equal differentials are equal or differ by a constant. 

For if the differentials of two functions are equal, the rates 
of these functions will be equal ; hence, the functions will be 
equal or differ by a constant. 

For example, in formula [6] versM and — cosm differ by 1; and in 
[17] sin-i(M/a) and — cos-i(M/a) differ by it/ 2. 

161. Formulas [1] and [2] may be stated in words as 
follows : 

The integral of a variable base with any constant exponent 
(except — 1) into the differential of the base is the variable base 
with its exponent increased by 1, divided by the new exponent. 

The integral of a fraction whose numerator is the differential 
of its denominator is the Naperian logarithm of the denominator. 

Formula [1] fails to give a finite result when n = — 1 ; but 
formula [2] provides for this case. 

Formula [2] gives a real result only when u is positive. 



EXAMPLES. 
By § 158 and formula [1] or [2], find 

1. I ax^dx = a I x^dx = ax"^/7. 



The meaning of this result is that ox'^/T + C is the most general 
function which changes ax^ times as fast as x, or that y=^ax^/l+ C 
is the equation of the family of curves whose slope is aafi, 

/idx /* 

-^ = 4 I x-«(to = -x-*. 

Here m = x, n = — 5, and n + 1 = — 4. 

3. r(x2-a2)8/2xdx = | r(x2-a2)8/2.2ajdx = (x2-a2)6/V5. 

Here n = 3/2, w = x^ — a^ ; .-. dw = 2 xdx. 
Hence, we introduce the factor 2 before xdx and write its recip- 
rocal 1 /2 on the left of the sign of integration. 
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4. Ca(x + l)2dx = a{x+ 1)V3. 

6. r(Jax6/2-|te8/2)(to = |a I x6/2dx-f6 Cix^/^dx 







= 0X7/2- 


-6x6/2. 


dx r- 

/- = 2vx. 
vx 






'■f& 


('^•^^; 


)(te = 


6x* 2 

"4 v;; 


/*adx 
9- 1 X- 



When the integral is not given, the result obtained by integration 
should be verified by principle (i) of § l58. 

10. Cb (6 0x2 + 8 6a;8)6/8(2 ox + 4 6x2) dx 

= 6(60x2 + 86x8)8/8/16. 

11. C[a{ax + 6x2)i/8dx + 26(ax + 6x2)i/8xdx] 

= I (ax + 6x2)i/8(a + 26x)(^ = |(ax + 6x2)*/8. 

12. r(2a + 36x)8dx. 13. C{1 + 9x/4)i/2(ix. 

^^ p x"-^(fx _ 1 /*/ _L»^«x «». « 1^ (o + 6x**)i--*» 
14. J (^rf^;^ ^J ^^-^-^^^^^ ^= 6n(l-m) ' 

1^- f TstTL" ^1 /t = - (3 0X2 - ,y .8/2. 

17. Tv^^cto. 19. r(2x*-3x2 + l)i/2(x8-3x/4)dx. 
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21- I , , . = -T I — tr^^ = — log(a + to''). 



22. 



Here w = a + 6a?» ; .*. du = n6x»— ^ dx. 

• 



f_5£!^_. 24 r 

J 10x8 + 16 "^ J ae + hx» 

X + 1 , «- /* 6 bxdx 



oo /^ g+ 1 J oc /* 5&X 
23. I ' . - ox. 25. I r ^, „ 

^x2 + 2x J Sa — 6bx^ 

„ i^ 5(2a-xydx _ ,/ 2a8 6a2,^ . x2\ 

26. J ^ =6(- — + — + 6alogx--). 

Expand (2 a — x^)^ and then integrate. 

27. C(b - x2)8xi/2dx = |&8a;8/2 __ 6 523.7/2 + ^6^6x11/2 __ ^a.16/2. 

_o /* 6x8(2x ^ /*,, x« <*aj _ (logx)"»+i 

29. Jdogx)*! • 81. J-^ = log(logx). 



33. f ^ = _ fdia^zxi ^ _ 1 (^ _ ^) 

34. Al + X) (1 - x2) xdx = x2/2 - x*/4 + xV3 - x6/5. 

36. f^^-^dx= r(x + l+^^W = ix2 + x+21og(x-l). 

36. r||^dx = x + log(3x- 1)2/8. 
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i ^1,3 cZx=--J(a2/«-x2/3)3/4(-£ap-i/3dx) 

= -f(a2/8-x2/8)7/4. 
40. J (^2 -f^2)3/2 = J(a^^ - l)-3/2a^3dx 

~"~2^ r(a2ar-2-l)-8/2(-2a2ic-8dx) 
_ (a2ar-2--i)-i/2 _ x ^ 

Sometimes, as above, we may transfer a variable factor from the 
base to the differential factor, or vice versa, and thus make the differ- 
ential factor the differential of the base. 



41. f ^_ = f(i + a2ar-2)-i/2x-8dx^-^^^^g^'- 
J «2 Vx2 + a2 J a^ 

,„ /* dx .. /*Va2 — x2 , (a2 — x2)8/2 

43. I , • 44. I — — dx= — ^ o o k — 

J x2 Va2 - x2 J «* 3a2x8 



43 f ^ 45 /- Vx2-a2 (x2-a2)3/2 

4fi- Ct^ — ^^0X8,0 = r(2aa^i-l)-8/2x-2dx= , ^ 

J (2ax-x2)8/2 J aV2ax-x2 

^„ rV2ax — x2 .o r ^ , V2 ox — x2 

47. I 5 dz, 48. I — , = 

J x^ J xV2ax-x2 «x 

By § 158 and one or more of the formulas [1] to [4], find 

/I /• (I** 

4 J 4 log a 

Here w in [3] is 4 x ; .-. du = 4tdx. 

dx 



50. C&^/'^dx^n Cef^/»— = neP'/\ 

51. Cae^^dx. 52. Cca^^dx, 

53. Aog c . c**x8dx = ^-^ Tc** • 4 ajSrfx = c^V4. 



/ 



54. I {a^^ — b*"^) dx = 
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n log a m log 6 



/ 



55. I (e« — c-«)2du = (e^" — e-2«) /2 — 2 m. 



/ 



56. j (2e3^-a)3/2e3xeix = (2e3a:-a)5/2/15. 






58. r£^. 59. r6^c^dx = 



log 6 + log c 



162. To obtain formulas [11], [12], [13], and [14] /rom [2]. 

'tan u sec wc?w 



j tan udu = j 



I cot wc?w = j 



sec w 
= log sec u+ C, [11] 

cos udu 



I CSC udu = I 



sm u 
= log sin w + C. [12] 

du 



sini^ 

du 



2 sin(t*/2)cos(w/2) 



^ /^ sec^(^/2) <^^/2 
"^J tan(w/2) 

= log tan (u/2) + C. [13] 

j sec udu = I esc (t* + 7r/2)du 

= log tan (u/2 + 7r/4) + a [14] 
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EXAMPLES. 
By § 158 and one or more of the formulas [1] to [14], find 

1. j cos mxdx = m-i j cos mx • mdx = m-i sin mz. 
Here m in [5] is zna: ; hence, du = mdx,. 

2. I sec2 7wxdx = m-i tan7?ix. 5. I cosx sinxcte. 

3. j sin*x cosxcte = sin^x/S. 6. j 7 sec^ x2 . xdx. 

4. j sec2x3 • x^dx = tan x^/S. 7. j cos (a + hx) dx. 

8. Tcos^S ^ sinS^d^ = — cos^S 0/15, 

9. j sin* 2 X cos 2 xdx. 12. I e^o^^ sinxdx. 

10. j 5 sec 3 X tan 3 xdx. 13. j e^ ^^x cos xdx. 

11. j 4 CSC ax cot oxdx. 14. j a^'^n^'^sec^cxdx. 

/* sin xdx 1 /* — 6 sin xdx 1 , / , , 

^ a + 6 cos X 6^ a + & cos x o ° ^ ' 

-^ /^ (a4- CO8e)d0 . , ni ' n\ 

^ a^ + sm ^ ° ^ ' 

ir» /* J /'sec^wdi^ - 

17. 1 sec u CSC wctM = I — = log tan u. 

J J ta,nu "^ 

18. fseo^u csc^uau = J(sec=„ + csc^„)d« = ta„« - cot«. 

19. CBm^udu= C(l/2 — C082u/2)du = u/2— sin2w/4. 
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/ 



20. I cos^udu = u/2 + sin 2 w/4. 



21. j tsji^udu = tanw — m. 

22. I (sec u — tan u)^du = 2 (tan u — sec w) — u. 

23. I -— ; — : — du= I ^ ;; — ^ du = 2 (tan u — sec u) — u. 

J 1 + sin It i cos2 u ^ ' 

24. I — 7 7 du— \ sec 2 wdu = - log tan ( m + t V 

^ cot w — tan u ^ 2 '^ \ 4 / 

163. To obtain formuhis [16] and [18] /rom [2]. 

1 11 11 

v? — a^~2au — a 2au-\- a 

du 



/ du _ 1 r du ^ C 
u^ — a^~2aJu — a 2aJ 



u-\- a 



1 u — a 
= ^-log— r-+ C, (1) 

2a u-{- a ^ ^ 

du 



/ du _ 1 r — du J_ r 
u^ — a^~2aJ a — u 2 a J a 



+ u 

^^log^+C'. (2) 

2 a a + u ^ '^ 

We use the form in (1) or (2) according as w — a or a — w is 
positive ; that is, in each case we take the form which is real. 
To obtain formula [18], let 

■y/u^ ± a^ = z — u] (1) 

then dtza^ = z^ — 2 uz. 

.'.(« — w) dz = zdu ; 

dz du du , ,-.x 

or — = = . by (1) 
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EXAMPLES. 
1. f,^,^-lf.4M_-iton-i^- 



c 



bx 



/ dx _ 1 r ,d{bx) _ 1^ 
62x2 + c2~6j (te)2 + c2"6c 

o /* dx _ 1 /* d(6a;) __ J_ . 

J 62x2_c2~6j (6x)2--c2"26c ^^te + c 

"*• J X2 + 4X + 9-J (x + 2)2 + 6~ Vs^"^ V6 ' 

r dx _ n dx _ 1 . g4-2— V3 
^- J X2 + 4X+1-J (x + 2)2-3-2V3 ^^x + 2+V3 

. /» xdx 1 ^ ,x2 ,y /* 

q / * ^ 1__ , bx — c __ _1_ . 6x + c 

Jc2-62x2~ 26c ^^6x + c""26c ^^6x-c* 

10 C ^ = 2 C ^^^ 

J ax2 + 6x + c J (2ax + 6)2 + 4ac - 62 

tan-i . - 1 (1) 



16x2 + 9 



V4 ac — 62 V4 ac — 62 



1 2ax + 6--V62 — 4ac 
or -7= log . (2) 

V62 - 4 ac 2ax + 6 + V62-4ac 

We use the form in (1) or (2) according as 4 ac > or < 62 ; that 
is, in any given case we take the form which is real. 

r dx _ r 3dx _ 1 _i3x+J 

J 3x2-+4x + 7~J (3x + 2)2 + 17~ VI7 Vn 

r 2x + 7 ^ /^ (2x + 4)(fx f (?x 

J aj2 + 4x+6 J x2 + 4x + 5"^ J (x + 2)2 + 1 

= log(x2 + 4x + 5) + 3 tan-i(x + 2). 
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/* {Sx + 2)dx _3 /* (4x + 4)dx r dx 

J 2a;2 + 4x + 5~4j 2x2 + 4x+5 J 2x2 + 4x + 6 ^ ^ 

= 7log(2x2 + 4x + 6)- -^tan-i ^^t^ - 

In like maimer any differential of the form ^^^. J^^ , — can be 
mtegrated. 

Note that the numerator of the first of the two fractions in the 
second member of (1) is the differential of its denominator. 

^^- f x^ + tx + b ^ = I '°S(*' + 4» + 5) - tan-i(x + 2). 
,_ /»2s — 3 , 1, -K , . .. 3^. ,xVE 

16. J^Tl^^ = log(x+l)+ ^ 



x2 + 2x+l ^' -^ x+ 1 



1 . ,bx 

= Tsm— 1 — 

oc 



17 /* cfx _ 1 /* bdx _ 1 

• J Va2c2 - 62x2 ~ 6 J (ac)2 - (6x)2 "■ 6 

18. r , ^^ = = i log (hx + V62x2 ± a2c2). 
J V62x2 ± a2c2 & 



19 C ^ = C — = * -1 ^^"^ 

J Vl^^"^ J V6/4-(x + 1/2)2 ^^^ Vs 

20. r ■ ^ = 4= log («^ + Vax2 - 6). 
»/ Vax2 — 6 Va 



21. r ^ ^ - = log(x + g + Vx2 + 2 ox). 
J Vx2 + 2ax 

rj^^f^dx_ __ 1 /* 3xi^2t;x _ 1 

J V8-4x8"'3j V(2V2)2- (2x3/2)2 ~ 3 

23 /* ^ _ 1 /* 2a(fa 

J Vax2 + 6x + c "~ Va J V(2 ox + 6)2 + 4 etc - 62 



1 . , x8 

= ^sm-i^-. 



= "7= log (2 ax + 6 + 2 Va Vax2 + 6x + c). 
Va 
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1 . , 2ax — 6 



Va V4ac + 62 



-.- /» (fa; 1 /» 4(fa; 1 . ,4x — 3 

J V4 + 3x-2x2 V2 J V41-(4x-3)2 V2 Vil 

26. r , ^ = = 4=log(4x + 3 + 2V2 V2xM^"3xT4). 
J V2x2 + 3x + 4 V^ 

rt« /• dx ,^ /* cto 

27. 



28. 



f , ^ • 29. r, 

J V3X-X2-2 J V2xM-2x + 3 

f ^ 30 r ^^^ • 

J Vl + x2 + X J Va*-x* 

dx /• ccto 1 , ex 



„, /* ax /» cox 1 ,cx 

* J X Vc2x2 - a262 J ex V(cx)2 - (a6)2 «& «* 

32. f— ^=. 33. C-±M= 

J X V62a;2 - a2 J xV3x2-6 



V7dx 1 ,xV7 



V7x2-6 V5 V6 



34. C—M= = C : 

*/ V7x*-6x2 */ xV7- 

OK /* — dx _ 1 /*___zic^___ _ 1 
* J V8cx-c2x2 "" c J V8 . ex - (cx)2 c 



— ec?x 1 , ex 

= - covers- i-r 

4 



36. f ^ 37. r /^ . 

J V2 a6x — 62aj2 ' J Vox — x2 

3g /^ (2x + 3)dx ^ /^ (2x + l)dx ^ ^ /" cix 

' J Vx2 + X + 1 J Vx2 + X + 1 J Vx2 + X + 1 

= 2Vx2 + x+l + 2 log(2x + 1 + 2Vx2+x+l). 



can 



In like manner any differential of the form .^ ' 

be integrated. Vax2 + 26x + e 

Note that the numerator of the first of the two fractions in the 
second member of (1) is the differential of the base in the denomi- 
nator. 



39. 
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Vex — x2 J 



2Vcx — x2 



= Vex — x2 — - vers-1 — 
2 c 



/* (xg — a2)i^2(te _ /* (x2 — a2)dx 
'J a; J xVx2 — a2 



Vx2 — a2 J xVx2 — a2 

= Vx^ — a2 — a sec— 1 - • 

a 



41. r /"^^ dx = sin-ix-Vl-xa. 
*/ Vl-x 



42 ■ "^ + ^ 



/ f "^^ dx = sec-i - + log(x + Vx2 - a2). 
X vx — a ^ 



CHAPTER Hi 

DEFIiriTE INTEGBALS. APPLICATIONS. 

164. Definite and corrected integrals. Let b> a-, then 
the increment produced in the indefinite integral fx-h C hj 
the increase of x from a to ft is 

fh+C-{fa+C)=fh-fa. 

This increment of the indefinite integral of (f>(x)dx is called 
"the definite integral of <f}(x)dx between the limits a and b," 

and is denoted by j <f}(x)dx. 

Hence, C <l>(x)dx =fb - fa. (1) 

in the expression I <f}(x)dx denotes the 

o •/a 

operation of finding the increment of the indefinite integral 
of it>(x)dx from x = a to x = h, ft is called the * upper ^ or 
' superior ' limit, and a the * lower ' or * inferior ' limit. 

The limits a and ft must be so chosen that <^a5 will be finite 
and continuous from x = ato x = h. 

The expression /ft —fa is often denoted hj fx . 

If, in (1), we make the upper limit variable and put x in 
the place of ft, we obtain 

J^ 4>(x)dx=fx-fa, 01 fx\ , (2) 

which is called "the corrected integral of if>(x)dx.'' 

<l}(x)dx is meant the limit of I <f>(x)dx when a? = oo. 

a %/a 
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EXAMPLES. 



.. /w =?]■=! 



'4 



2. r nojdx = |x2l = |(62 - a?), 

C^/dx dx \ n* 

3. j (--2^) = log(2a5-a;«)]^ = log(2x-a;«). 



2 /»6 5»i + l — ^n + 1 



5. r 6x8(to = 24. 10. r tMx - 

•/O •/a 



W+1 



6. rv-x»)dx=i- u. r^^^er. 

*/o 12 •/o V2r— y 

Jo «' + ^' ^« J-6<»*^ ^ 316a* 

Jo Va2 - x2 2 Jo « 

9. I r— = v2 — 1. 14. I sinSx cos^scdx = — • 

Jo c^'^ Jo 12 

15. I , = = sin-i — 7:^ I = sin-i — _ sin-i —7= • 

Jo V6-2x-x2 V6 Jo V6 V6 

Jj 3 + 2x + x^ V2V v^ / 
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165. Corresponding definite or corrected integrals of eqtial 
differentials are equal. 

For the corresponding increments of variables which change 
at equal rates are equal. 



«3x-l- „, ^,16 



Ex. r TT—^dx = 3 logs -h 



Let z = x — S; then x = « + 8, dx = c?2;, and 

dx = :; — dz. 



(X - 3)2 ^ 22 

When jc = 4, 2 = 1, and when x = 6, 2 = 3 ; 

= [31og2; — S/^l 

= 31og3+16/3. 

This example and those which follow illustrate also how 
the introduction of a new variable often simplifies a given 
differential and renders it directly integrable. 

EXAMPLES. 
I 7 ^75 dte = I 1 dz = log 3 + 4, where 2 = x — 3. 

Jo (x2 + 1)2/8 "J^ 222/3 = q ( V6 + 3), where g = x2 + L 

Ji X Va2 - x2 aJa V22_l 

= log (a + Va2 — 1) /a, where z = a/x. 

^ e^^dx _ /*e + l (2 — l)d2 

= A [(3 e - 4)(e + 1)8/* + Vg], where 2 = c^ + 1. 



Jo (^ + 1)^^* J2 ^''* 



dte 1, a + Va2 4- 1 



Ji X Va2Tx2 ~ a '"^ 1 + V2 
In example 5 put x = a/2, in example 6 put ^ + a = z. 

6. J pQg.g^.^. = (6 + a) cos a - Bin a log (cos 6/cos a). 
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168. Geometric meaning of r^x)dx, f^(x)<lx, f i(x)dx. 

Let SFQ be the locus of y = ijix. 

Conceive the variable ordinate y or. NQ to trace the area 
between the ai-axis and y = ^ as the point (x, y) moves along 
the curve to the right. 

Let A denote the area bounded by the ai-axis, y = <f>x, some 
undetermined fixed ordinate, as BS or B'S', and the moving 
ordinate NQ. 

Let dx = JVW ; then dA = NQQ'N'; 

.•.dA = ydx = <f,(x)dx. (1) 

(2) 



.". I ydx = j <li(x)dx = A, 




Let OM = a, and OM' = b ; then the increment produced 
in A by the increase of x from a to i is MFF'M'; 



.-.y ydx=J^^{x)dx 



{area bounded by the x-axis, "I 
y = ijtx, X ^ a, and x = b. S 

Similarly, it OM = a and ON = x, we have 

I ydx — I ^{3^dx 

__ farea bounded by the asaxis, "1 

\y^^x,x = a., and the ordinate y. J 



(3) 



W 



In (2), A is indeterminate so long 
or B'S", is indeterminate. 



s the fixed ordinate BS, 
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From (1), by Cor. 1 of § 12, we know that the areas in (3) 
and (4) will be positive or negative according as <f)X is posi- 
tive or negative from x = a to x = b. 

Hence, if a curve crosses the cc-axis the area above, and the 
area below, this axis must be obtained separately. 

For example, to find the area bounded by 2/ = 0x, the x-axis, and Jtf'P', 
we find the areas R^'S'K and KPP'M' separately and take their arith- 
metical sum. 

From the geometrical meaning of an integral it follows that 
<l>(x)dx has an integral whenever <^aj is continuous. 

Note. The Litegral Calculus was invented for the purpose of finding 
areas, or for quadrature^ as it was formerly called. 

EXAMPLES. 

1. Find the area bounded by the »-axis and y = x^ -h ax^. 

The curve cuts the x-axis at (— a, 0) and (0, 0); hence, the limits 
are — a and 0. 

Here dA = ydx = (x^ + ox^) dx ; 

.-. area = C (x^ + ax^) dx = rx*/4 + axV3"l by (3) 

= aV12. 
In each problem the reader should first gain a clear idea of the 
boundary of the figure whose area is required. 

2. Find the area bounded by the x-axis, the parabola x^ + 4 y = 0, 
and the line X = 4. ^^. 16/ 3. 

Since the area lies below the x-axis, the formula gives a negative 
expression for it. 

3. Find the area bounded by the x-axis, the curve y = x', and the 
lines X = — 2 and x = 2. ^^i^. g. 

Here we find the area belovsr, and the area above, the x-axis sepa- 
rately, and take their arithmetical sum. 

4. Find the area bounded by the curve 2/ = e=^, the x-axis, the 2/-axis, 
and the line x = h. jiris. e'^ — 1. 
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5. Show that the area bounded by y = x — x^ and y = is 1/2. 

6. Find the area bounded by the parabola y^ = ^px and any chord 
perpendicular to its axis. ^i^^ 4xy/S. 

Here the area required is twice the area bounded by the x-axis, 
y = 2pi/2xi/2^ and the ordinate y. 



= 2 r^2pi/2a.i/2dx = (2/3)2x2/; by (4) 

that is, the area is 2/3 the circumscribed rectangle. 



•*• area 

'0 



7. Find the area bounded by the witch y (x^ + 4 a^) = 8 a* and its 
asymptote y = 0. 

Area = 2 f " ^^'^ = 8 a^ tan-i ^T= 4 ita^, 
Jo x2 + 4a2 2aJo 

Here the area between the curve and its asymptote is finite. 

8. Find the area bounded by the hyperbola xy = 1, its asymptote 
y = 0, and the lines x = 1 and x = a. ^i^^ log a. 

When a = Qo, log a = oo ; hence, the area between the hyperbola 
and an asymptote is infinite. 

9. Find the area bounded by the curve y = cos x, the x-axis, the 
2/-axis, and X = ;r. ^^, 2. . 

10. Show that the area bounded by the curve y = tan x, the x-axis, 
and the asymptote x = ;r/2 is infinite. 



167. Formulas for accelerated motion. Let t denote a 
portion of time, s the distance traversed by a moving body, 
v the velocity, and a the acceleration ; then we have the fol- 
lowing formulas : 

(i) V = ds/dt', .'. s = I vdty t = I ds/v, 
(ii) a = dv/dt] .w= I adty t= I dv/a. 
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EXAMPLES. 

1. To find the fundamental formulas for uniformly accelerated motion. 

Let Vo and Sq denote, respectively, the initial velocity and distance ; 
that is, the values of v and s when ^ = ; and let ct" denote the con- 
stant acceleration. We then have 



V = Vo + 



Ca'dt = 



= aft-\- t?o, 



8 



= «o + ^ vdt = a't^/2 + Vot + So, 



(1) 



(2) 



If t) = and 8 = when ^ = 0, (1) and (2) become 

v = a% 8 = a'tV2; (3) 

.-. t = V2 8/ af^ u = V2 a'8. (4) 

The acceleration produced by gravity at the earth's surface is 
about 32.17 ft. a second, and is usually represented by g. Substitut- 
ing gr for a' in equalities (3) and (4), we obtain the four formulas for 
the /ree/aM of bodies in a vacuum near the earth's surface. 

2. A rifle ball is projected from in the direction OY with a velocity 

of c feet a second. Find its path, knowing that 
its velocity acquired in t seconds along the action 
line of gravity OX is gt feet a second. 

Let OX and OY be the co-ordinate axes ; 
then dy/dt = c, dx/dt = gt ; 




•/o 



= ctf 



x = gty2, (1) 



Eliminating t between equations (1), we 
have 



Hence, the path of the ball is an arc of a parabola. 



3. A body starts from O, and in t seconds its velocity in the direction 
of OX is 2 act, and in the direction of OY it is aH^ ~ c^ ; find its velocity 
along its path Onm, the distances in the direction of each axis and along 
the line of its path, and the equation of its path, the axes being rect- 
angular. 
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Let OX and OF be the axes, and let 8 denote the length of the 
path Onm ; then 









,\x= I 2 actdt = act^ ; 



= aH^ - c2 ; .',y= C\aH^ - c2) cK = aH^/^ - cH ; 



(1) 



(2) 



(3) 



(4) 




Eliminating t between (1) and (2), we obtain 
which is the equation of the path Onm, 



(6) 



4. Given «=/){, to represent the time, the velocity, the distance, and 
the acceleration geometrically. 

Construct the locus otv=ft^t being represented by abscissas and 
V by ordinates ; then the distance will be represented by the area 
between v=ft and the oj-axis, and the acceleration by the line rep- 
resenting dv when dt is represented by a unit length. 

5. A body is projected upwards VTith a velocity of 80 feet per second ; 
find in what time it will return to the place of starting. 

A718, 5 seconds, nearly. 

6. From a balloon which is ascending at a uniform velocity of 20 feet 
per second two balls are dropped, one of them 3 seconds before the other ; 
find how far apart they VTill be 6 seconds after the first one was dropped. 

Atis, 396 feet, nearly. 
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168. Change of limits. The following fommlas are readily 
proved from the delinitioii of a definite integral : 

<f>(x) dx = — I <f}(x)dx ; (i) 

for each member =fb —fa, if dfx = <f}(x) dx, 

<f}(x)dx= I <f}(x)dx -^ I <f}(x)dx'j (ii) 

for the second member =/c — fa -\- fh — fc =fb —fa, 

<f}(x)dx= I <f}(a — x)dx', (iii) 

•/o 

for the second member = — ) 4^(a — x) d(a — x) 

Jo 

= -f(a - «)]"=/« -/O. 



CHAPTER III. 

INTEGBATION OF BATIONAL FBAGTIONS. 

169. Decomposition of fractions. When the numerator of 
a rational fraction is not of a lower degree than its denomi- 
nator, the fraction, said to be improper, should be reduced to a 
mixed expression before integration. For example, 
x^ 5 a;2 __ 4 



The numerator of this new rational fraction is of a lower 
degree than its denominator. Such a fraction, called 2^ proper 
fraction, if not directly integrable, can be decomposed into 
partial real fractions which are integrable. These partial 
fractions will differ in form, according as the simplest real 
factors of the denominator of the given fraction are : 

I. Linear and unequal. 

II. Linear and equal. 

III. Quadratic and unequal. 

IV. Quadratic and equal. 

To present the subject in the simplest manner we solve 
below particular examples in each of the four cases. 

170. Case I. To each of the unequal linear factors of the 
denominator as a; — a, there will correspond a partial fraction 
of the form A / (x — a), 

^ 2X + 3 (x-l)»/» 

The denominator x* + x* — 2 x h x (x — 1) (x + 2). 
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Hence, by addition of fractions we know thjit the given fraction is the 
sum of three fractions whose denoniinatoi-s are «, x — 1, and x + 2, 
respectively, and whose numerators do not involve x. 
We therefore assume 

2x + 3 _A B C 

x(x-l)(x + 2) X x-1 x + 2' ^' 

in which -4, B, and C are unknown constants. 
Clearing (1) of fractions, we obtain 

2x + 3 = ^(x-l)(x + 2)4-5 (x + 2)x+C(x-l)x (2) 

= {A-\-B+ C)x^-\-(A + 2B-C)x-2A. - (3) 

Equating the coeflBcients of like powers of x in (3), we have 

^ + 5+C = 0, !4+2B-C = 2, -2^ = 3. (4) 

Solving system (4), we obtain 

^ = -3/2, 5 = 5/3, C=-l/6. 

Substituting these values in (1), we obtain the identity, 
2x + 3 ___3_, 5 1 



x8 + »2-2x 2x 3(x-l) 6(x + 2)' 

/ (2x + 3)dx __ __ 3 ndx 5 n dx __ 1 /* dx 
x8 + x2-2x~ 2j X sjx-l cj x + 



2 



= - flogx + f log(x - 1) - Jlog(x + 2). 

» 

The values of A, B, and C may be obtained directly from (2) as 
follows : 

Making x = 0, (2) becomes 3 = —2^; .-.^ = —3/2. 
Making x = 1, (2) becomes 6 = 3 J5 ; .-.5 = 5/3. 

Making x = — 2, (2) becomes — 1=6C; .. C = — 1/6. 



EXAMPLES. 



/ x2 — 1 
X2-4 



^ = ^ + 4^^^ ^+2 

X2 + X — 1 



2. J JV"J_e\, ^ = log [xi /6 (X - 2)1 /2 (X + 3)1 /3]. 

^- J x^ + ex + s"^- ^' j x^ + x-2^' 

r (x2 + 1) dx ^1 ^ (X + 1)6 (x - 1)2 
J (2x + l)(x-^-l) 6 ^^ (2x + l)5 
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^' j x8-4x "^ 3 ^ 2^^"^^^^^ (x + 2)3 

„ r xdx 3 + V2 , . - ^/T. 3-v^, . o , ,ox 

= ^log(x^-6x + 7) + -^log ^'~'"^~^ ' 
2 2V2 X-3 + V2 

/» xdx Q /• x^dx 

J (x-a)(x-6)' J (x + l)(x2 + x-6)* 



171. Case II. To r equal linear factors of the denominator 
as (x — by, there will correspond a series of r partial fractions 

of the form — : + -—-. 4- • 1 7- 

(x — by (x — by-^ x — b 

Ex.1. J (^_i)3 dx = 31og(x-l) + ^^^ri)i' 

Expressing the numerator in powers of (x — 1), we obtain 

3x2-7x + 6 = 3(x-l)2-(x-l) + 2; (1) 

for 3(x-l)2 = 3x2-^0x + 3 
and — X + 3 = — (x — 1) + 2. 

Dividing both members of (1) by (x — l)^, we obtain 

3x2-7x + _ 3 1 2 

(x-l)8 -x-1 (x-l)2"*"(x-l)8' ^' 

/3x2 — TxJ-O _ C ^^ r (to r ^ 

(x-l)« ^-^J^T^ J (^-1). + 2J ^^_^j3 

= 3 log (X - 1) + (X - l)-i - (X - l)-2- 

From (2) we see that to resolve the given fraction into partial fractions 
by undetermined coefficients, we should assume 

3x2-7x + 6 _ ABC 
(X - 1)8 (X - 1)8 "*■ (X - 1)2 X - 1' 

and proceed as in § 170. 
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Ex. 2. J (^ _ i^f^ + 1) = log (l^i)''' - ^^ • (1) 

Here both Case I and Case II are involved ; hence, we assume 

1 ^ ^ . B C ^ 

(X-1)2(X + 1) (X-1)2^X-1 X+1 ^' 

Clearing (2) of fractions, equating the coefficients of the like powers 
of X, and solving the resulting system, we obtain J. = l/2, B= — 1/4, 
C = 1/4. Substituting these values in (2) and integrating, we obtain (1). 

EXAMPLES. 

„ /•2^--3x + 4, ., , ^, 18x-~41 

- /» 4x2-6x + 7 ^ _1, .^ . ox . __? 25 

^- J (2x4-3)8 '**"2^^^^^'^"^^^"^2(2x + 3) 4(2x + 3)2* 

4 r (2x--5)dx ^ 7 , 111 2(x+l) _7, 

Ji (» + 3) (X + 1)2 2 (X + 1) 4 ^ X + 3 4 

^ r« x^dx 4 / . -iv o 

5- I ft , g a . Q — T7 = . o + log (x + 1) — 2. 
^jj X* + 5 x2 + 8x + 4 x + 2 ''^ ' 

/* x^dx /* (X + 1) dx , 

'• J (x-l)«(x+l) • J (x-l)nx + 2)2 

172. Case III. . To each of the unequal quadratic factors of 
the denominator as x^-^px-^ q, there will correspond a partial 

Ax + B 



fraction of the form 



x^ -i-px + q 



J (x2 + 2)(2x^ + l) 3V2 V2 3V2 

By addition of fractions we know that the given fraction is the sum 
of two real fractions whose denominators are x^ + 2 and 2 x^ + 1 respec- 
tively, and whose numerators cannot be above the first degree in x. 
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Hence, we assume 



x2 + l . Ax + B Cx + D 



(x2 + 2)(2x2+l) x2 + 2 2x2 + 1 
Clearing (2) of fractions, we obtain 

x2 + 1 = (2^ + C)x8 + (2B + D)x2 + (^ + 2 C)x + JB + 2D. 
.-. 2^ + C = 0, 2JB + D = 1, ^+2C = 0, JB + 2D = 1. 

r.A = C = 0, B = D=1/S. 

Substituting these values in (2) and integrating, we obtain (1). 

T? o r XCbi 1, (X2 + 1)1/2 1 

Ex. 2. j ^^ + i)^^, + i) "2^"g ^ x + 1 + 2 ^^-'^- 
Here both Case I and Case III are inyolved ; hence, we assume 



(X + 1) (x2 + 1) x + 1 x2 + 1 

Proceeding as above, we find A = — 1/2, B= C = 1/2, 
Substituting in (2) and integrating, we obtain (1). 

EXAMPLES. 

/• x2dx 1, X — 1 , V2^ , X 

1- I A ■ 9 — - = -log ■ ^ +-r- tan-i— p* 
Jx* + x2 — 2 e^'x + l 3 V2 

J x* + 3x2 + 2 J 1-x* 

/* x2dx _. 1 . 1, x2~-2x + l . 

J (x-l)2(x2 + l) 2{x-l) 4 ^^ x2 + l 

^ /» dx 1. (X + 1)2 . 1 ^ , 2x-l 
^x^ + l 6°x2 — x + 1 V3 v3 

/ dx _ 1 /* dx 1 /* (x — 2) dx 
x8 + l""3j x + 1 3J X2-X + 1' 

/ (x — 2)dx _1 /* (2x — l)dx 1 /* 3dx 
x2-x + l~2j X2-X + 1 2jx2-x + l' 

^__1 (x + l)2 1 _, 2x-l 

X3 + 1"6^''^X2-X + 1"^ V3 V3 



•/ 



^ /• (fX 1, X2 + X + 1 . 1 ^ ,2x + 

6- J r=r^ = e"'e-^irTjr+^tan-i-^ 



(1) 



^ +^^- (2) 
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7. I -r-rir-:. — t:' 8. | - — ^rpY^* 



'/ 



C ^ 8 C- 



(x2 + 3)(x2-2x + 6) 



, x2_2x + 5,5, ,x — 1 2^ ,x 
= ^^g X2 + 3 +2^^'^"^^ Vl''''' Vl 



10. 



J (H-x)2(l + 2x + 4x2) 

3^1 + 2x + 4x2 3(H-x)^3Vq VS 



p2 + 3^ + l ^ 2x^^_2_ 2X + 1. 

11- J ^ + 3,2 + 1 ^-V3*^^ V3 V3 V3 



dx 1 _,x 1 _^x 

(x2 + a2) (x2 + 62) a(62-a2)^^ a 6(a2-62)^^ 5 



173. Cask IV. To r equal quadratic factors of the denom- 
inator as (x^ -\-px-\- qy, there will correspond r partial frac- 
tions of the form 

Ax-^B Cx + D Lx-^ M 



(^ -\-j()X + qY (x^ -\-px -j- qy~^ x^ -\-px -j- q 



_ i^ 2x8 + x2 + 3x + 2 ^ 

= log(x2 + l) + |taii"ix + 2g^. (1) 

Expressing the numerator in powers of (x2 + 1), we obtain 

2x8 + x2 + 3x + 2 = (x2 + l){2x + 1) + (X + 1). 
2x8 + x2 + 2x + l 
x+ 1 

/ 2x8 + x2 + 3x + 2 ^ r2x±l^ , r x + 1 ^ ,-, 



log(x2 + 1) + tan-ix - 2(j^ +/^^2 • 



(3) 
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By example 23 of § 183 we have 

/ dx _ X 1 _, .. 

(x2+l)2-2(x2 + l)"^2^^ ^- ^^^ 

From (3) and (4) we obtain (1). 

From (2) we see that to resolve the given fraction into partial frac- 
tions by undetermined coefficients we should assume 

2x^ + x^-hSx-\-2 _ Ax + B Cx + D 
(x2 + 1)2 - (x2 + 1)2 "^ »2 -I- 1 ' 

Note. The solution of the following examples should be deferred 
until after reading Chapter V. 



EXAMPLES. 



r 2xdx _ 1 gg + 1 1 g — 1 

^* I |/1 _1- /-\ /I _l_ /-2\9 ~~ A ^^S /^ _L_ 1 \2 "T O 



(1 + X) (1 + X2)2 4 ^ (X + 1)2 ^ 2 X2 + 1 



O C ^ = - 1 ^^ J. 1 , 1 

J X (X2 + 1)8 2 ^^ 1 + X2 ■*■ 2 (1 + X2) ■*■ 4 (1 + X2)2 * 

3. / y+^2^ ^ = i^og(x2 + 2) + jJ^--3gtan-i-|- 

/•X6-2X + 1^ , (X2 + 1)8/2 3x2 + X + 2 3, , 

4. J ^2(^2 + 1)2 ^ = l«g ^ 2x(x2 + l)"2^^" ^- 

dx 



'■f¥^ 



1)2 (X2 + 1)2 



1, X2 + 1 1 1 . 1. , 



. r (4x2-»8x)(to _ 3x2 -X (x~l)2 _ 

J (X- 1)2(X2 + 1)2 "" (X - 1) (X2 +1) ■*" ^""^ X2 + 1 ■*" ^"^ ^- 



CHAPTER IV. 

INTEGSATION BY SATIONAUZATION. 

174. Rationalization by substitution. Chapters I and III 
provide for the integration of any rational algebraic differen- 
tial whether it is entire or fractional in form. 

In some irrational differentials we can substitute a new 
variable so related to the old that the new differential will be 
rational and therefore integrable. 

175. A differential containing no surd except a linear ba^Cy 
as a + bx, affected with fractional exponents, can be rational- 
ized by assuming a + bx = z°, where n is the lowest common 
denominator of the several fractional exponents, 

Eor ii a-{-bx = ;$;", x, dx, and the fractional powers oia-^bx 
will each be rational in terms of z. 

Hence, the new function in z will be rational. 

P^ 1 C ^ 

J (X - 2)6 '6 -I- (aj - 2)2/8 

= 6 (X - 2)1/6 _ 6 log [(X - 2)1 '6 + 1]. 

Here the linear base is x — 2, and n = Q) hence, we assume 

X — 2 = ««. 
.-. dx = 6 z^dz, (X - 2)6/6 = 26^ (x _ 2)2/8 = ^^ 

dx /* (iz^dz ^ r zdz 



dx /* D2°d2 __ /* 

(X - 2)6/6 + (aj- 2)2/8 -J 264.24-^J 



2+1 

= 0[2;-log(2; + l)] 

= G(x-2)i/6-61og[(x-2)i/6 + 1]. 
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Ex.2. I TT^TT^ CfcC = -X*'8_ 



ft 

J 2x1/6 — g- 3 

Here the linear base is x, and n = 6; hence, we assume 

x = zf^. 

EXAMPLES. 
^ 16 0^ 

J Vo + ta 362 

Q (1 +x)8/^ + (1 +x)i/2 2 



/*^ X(to _ 2(2a + 6x) 2(2 + 6)Va 

• X ((^+w ft^v^Tto &vnr6 ' 



fi /* <^ 1 , Vg + 6x — Vg , ^ . 
6. I — , = —p log . 7=» when a > 0, 

J X Va + &x Va Va + 6x + Va 

_ 2 , - j a + bx , ^- 

= J tan-i -v/ » when a < 0. 

J X1/2 + 2x2/8 

= |x2/8 - ixl/2 + |xl/8 - |xl/6 + ^l0g(l + 2x1/6). 

a;i/2 + xin = gai^^" -3at/8 + 6g'/« -61og(x'/« + 1). 
9- f //V+t;^ M «^ = - ^ + iTHi + 2 log X - 24 log (xi /i» + 1). 



/» (2x-l)i/«dx 
J x-(2x- 1)1/2 



4(2x-l)iM- 2(2x-l)iM (2x-l)i/«-l. 

^ ' (2x-l)i/2-l -^ "^(2x-l)i/« + l 
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176. A differential containing no surd except Vx^ + ax + b 
can be rationalized by assuming Vx^ -|- ax + b = z — x. 

For if Vx^ + ax-^b = z — x, 

ax + b = z^ — 2 zx, 

_ z^-b _ 2(z^-\-az-\'b) 

'^~2z-\-a' "^^^ (2z + ay ^^' 

/-^— -—. z^-{- az-{-b 

"wx^ -\-ax-\-b = z — x = — - — ; • 

2z + a 

Hence, ar, dx, and Vx^ -\- ax -i-b are each expressed ration- 
ally in terms of z, 

_ r dx . Vg2 + x + 1 + g - 1 

Ex. I — =log . (1) 

J xVx-^ + x + l Vx2-|- X + 1+ a + 1 

Assume Vx^ + x + 1 = z — x; (2) 

then X + 1 = 22 — 2 X2, 

2^-1 , 2(22 + 2 + 1)^2 

x = , ox = — ^ ^ — • 

22 + r (22 + i)fi 

^/~n TT 22 + 2 + 1 

Vx2 + X+1=2— X = ^ r— 

22+1 

/ dx _ r* dz _ 2 — 1 

Substituting for 2 its value in (2), we obtain (1). 

177. A differential containing no surd except V— x^ + ax + b 
can be rationalized by assuming 

V- x2 + ax + b = ()8 - x) z, 
where ^ — x is one of the factors o/ — x^ + ax + b. 

Denoting the other factor of — x^ -^ ax -^ b hj x -{- y, assume 

■\/-x^ + ax + b=-^{p-x){x-^y) = (p-x)z', (1) 
then x-\-y=(p-x)z'', x = ^-^' 

Hence, x and therefore dx and V— x^ + ax + b are expressed 
rationally in terms of z. 

Note. In § 176 the coefficient of x^ is + 1 ; in § 177 it is — I. 
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EXAMPLES. 
1. C , ^ = 2tan-i(x + Va;'-^ + 2x-l). 

r dx - ^ 1 Vg^-~g + 2 +x—^ 

J xVx2^'x"+2"~ 2 ^^ Vx2 - X + 2 + X + v^ 



J. T— ^^^^ cto = log (X + 1+ V^T2x) - 
J (2 + 3x)V4-x2 8 *^'' V4 + 2x + V2^x 



X + Vx2 + 2 



X 



^ , dx V2, V4 + 2X— V2— X 



Assume V4— x2 = V(2 — x) (2 + iC) = (2 — x)2; 
then 2 + x=(2 — x)22, 

•2 22 — 2 ^ 8 z d2 

X = o ■ . > ox = 



V4 — x2 = (2 — x) 2 = 

2 + 3x = 



22 + 1 (22 + 1)2 

42 



22+1 
822-4 



22+1 

dx 1 r dz __ V2 •V^2 — 1 

(2 + 3x)V4^^~2j 22'-l~ 8 ''^V22 + l 

\^, V4 + 2X— V2— X 
= -S-log 



8 V4 + 2 X + V2^ 



X 



/*ag dx — "^ 1 ^2 + 2x— V2— X . 

Ja X V2 + X - x2 ~ 2 ^^ V2 + 2X + V2-X 

- r*Vax — x2 , „ ^ , / g — X ^ / a — x 

/•a: ^^ _ 2/ 2— x Y/2 2V2 

' Jo (l+x)V2 + x-x2"' 3U+X/ 3 

p ^ _^ / X+Vx2"+X+1 3+V3 Y 

' Jl (l+X)Vx2 + X+l *^^ \2 + X + Vx2 + X + 1 I+V3/ 

r' xdx _ 3 + x Vs. 

^' J, {3 + 2x-x2)8/2 4V3 + 2x-xa i '' 

Assume V8 + 2jc — x2 = ^3 ^ ?b)», 
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178. Irrational differentials of the form x™ (a 4* bx")'/" dx, 
where r and s are integers and s is positive, can he rationalized 
by assuming y 

I. a + bx*» = z», when is an integer or zero, 

TT .1 7 m -|- 1 , r . 

11. a + bx** = z»x°, when y-- is an integer or zero, 

n s ^ 

Assume, a + bx'°^ = z* ; 

then {a + bx'^y^' = «*•, (1) 



^^ = i^"(S^)" ^"• 



(3) 



Multiplying (1), (2), and (3) together, we obtain 

— 7 — ) ^«- 



(4) 



The second member of (4) is rational, and therefore in- 
tegrable, when (m + 1) /n is an integer or zero ; hence I. 

Assume a + bx^ = z^x^, oi x"* = a (z^ — b)~^ ; 
then (a + bx'^y^' = (z^x'^y^" = ^''a''/* (;^ — b)-"-/', (1) 

ar = ai/"(;^ — ^>)-^/% a;"* = a"*/" (^ — 5)-"»/^ (2) 

dx = --a^^^'z'-^ (^ - by^~^dz, (3) 

Multiplying (1), (2), and (3) together, we obtain 



aj"» 



r ^ m + 1 r / wi + l , r ^\ 

(a + bx'^ydx = a» »(;sj» — 5)v»» * / «''+'-^^;$:. 



The last member is rational, and therefore integrable, when 

' h - IS an integer or zero ; hence 11. 

n ^ 
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EXAMPLES. 
1. Cx^ia + 6x8)-i/2(to = ^(a + 6x8)8/2 - 1£ Va + dx*. 

Here = — r— = 2, and 8 = 2; hence, we assume 

a + 6x8 = 22 . ... (a 4. 6x8)-i /2 = 2-1, (1) 

x6 = A5-^-^. ...6x6dx = ^(22-a)2(i«. (2) 

Multiplying (1) by (2) and dividing by 6, we obtain 

/ X^dX _ 2 /•. 2— \/7 -_?_ 8-_l£ 

(a + 6x8)1/2-" 3 62J ^^ ^^^^"962^ 362^ 

= ^(a + 6x8)8/2-|^(a +6x8)1/2. 



2. f_^_=:llog — 

J X Va2 + x2 a Va2 



X 



+ x2 + a 

„ m+1 —1+1 ^ , ^, 

Here = — - — = 0, and 8 = 2; hence, we assume 

n 2 ' ' ' 

a2 + x2 = 22. 

,\XdX = Z dz, X2 = ^2 — q2^ 

/ dx __ /* dz __ _1_ 2 — g 
xVa2 + x2'"J z^ — a^~2a ^^z + a 

1 , Va2 + x2 — a 

=r log ■ 

2a Va2 + x2 + a 
= -log 



« Va2 + x2 + a 



3. J-^:P= = ilog 



dx 1 , X 

> = - log— 7= 

xVa2 — x2 a, Va2 — x2 + a 



r ^ x8dx _ 4 — 3x2 4_ 

• X (2-3x2)8/2 9V2^:r3^2 9v^' 

Jo Va + 6x2 362 362 



180 
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6. 



/ 



x*VH-x2 3x8 



Here — h - = ^^ = — 2, and 8 = 2; hence, we 

n 8 2 2 



assume 



H-X2 = 2;2x2; 

.-. X = (22 - 1)- 1/2, X-* = (22 - 1)2, 
dX = -(22-l)-8/22;d2, 
(1 + X2)- 1/2 = r-lX-1 = 2-1 (22 - 1)1/2. 

Multiplying (1), (2), and (3) together, we obtain 

/ a^a-fxy/'' = - J(«^ - 1) d* = « - f . 

where 2 = Vl + x2/x. 

* adx ax 



x2)8/2 vr+^ 



7 C—^ 
Jo (1 + 

Q r^ dx _ x(2x2 + 3) 

Jo (l+«^)^^^ 3(l+X2)8/2' 



(1) 

(2) 
(3) 



9. 



10. 



Jo (« 



* X2dx 



X8 



+ 6x2)6/2 3a(a + 6x2)8/2 



J x2(a 



dx 



a + 26x2 



+ 6x2)8/2 a2x(a + 6x2)1/2 



-/ 



dx 



3x8 + 2a 



x2 (a + x8)5/8 2 a2x (a + x8)2/8 



CHAPTER V. 

INTEGSATION BY FABTS. BEDUGTION EOBHULAS. 

179. Integration by parts. By differentiation we have 

d (uv) = udv + vdu. 

Integrating both members and transposing, we obtain 

I lidv = uv — I vdu, (1) 

The use of formula (1) is called integration hy parts. 
In applying (1) to particular examples the factors ud^ndi dv 
should be so chosen that dv is directly integrable and vdu is 
a known form or one easier to integrate than udv, 

X log X dx = — log X — y • 

Let u = log X ; then dv = xdx, 

du = dx/x, V = x2/2. 

Substituting in (1), we obtain 

logx . xdx = logx . Y - I ^ • ~ (2) 

= (xV2)logx-xV4. 

In (1) the second product can be obtained from the first by 
integrating its second factor, and the third product from the 
second by differentiating its first factor. 

The following examples will illustrate how we can by the 
use of this law abbreviate the applications of (1). 
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i X • cos xdx = X • sin X — it 



Ex. 1. I X . cos xdx = X • sin X — I sin xdx 

= X sin X + cos X. 



X'e^dx = x I dx 

a J a 

Ex.3. rx8(a~x2)i/adx= Cx^- (a-x^y^^xdx 



= x2 [-i(a-x2)8/2 



]+ r|(a-x«)8/2.2xdx 



= - f (a - »2)^^2 " B ^^ ■" ^^^^^' 



EXAMPLES. 
L j log xdx = X (log X — 1). 

a,niogavix = ^^q-j(logx-;^:^); 



(n + 1)2 



and I x»» log xdx = — ^^ Z i\'i ' § ®^> example 6 



3. j X sin xdx = I — x cos x + sin x I =7t. 

4. I sin-^Xdx = I x sin-^x + Vl — x2 I 



2 '• 



2 



tan-1 xdx = I x tan-i x — - log (1 + x^) I = j — 
6.. j cos-i xdx = X cos-i X — Vl — x2. 
7. j cot-i xdx = X cot- 1 X + - log (1 + x2). 
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a;2dx_ 



10 



11 



8. r V^^^2^ = xvo-^ _^ I ^.^_,^ . ^^^ 

:.,VS^Z:^2+ p a2-(^-x2) ^ 

= xVa2 — x2 + a2 sin-i- — C -y/a^ — x^dx, 

a J 

Transposing the last term and dividing by 2, we obtain the result 
in (1). 

9. C Vx^ - a2 dx = ^ Vx2 - a^ - ^ log (x + Vx2 - a2). 
. rVx2 + a2(ix= I Vx2 + a2 + |- log (x + Vx2 + a2). 

. j x2 sin xdx = 2 x sin x — (x2 — 2) cos x. (1) 

I x2 . sinx dx = x2 • (— cosx) + 2 I cosx • xcte (2) 

I X ' cos xdx = x-sinx— I sin xdx 

= X sin X + cos X. (3) 

Substituting in (2) the value in (3), we obtain (1). 

5. I x"» sin X dx = — x"» cos X + m I x"»-icosxdx. 

3. j x2 cos X dx = 2 X cos X + (x2 — 2) sin x. 

4. I x"» cos x(ix = x"»sinx — m I x"»— ^ sin x dx, 

5. I versin— 1 x dx = (x — 1) versin-i x + V2 x — x2. 

xer^dx = — (ex — 1). 
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17. Cx^e^dx = ^(x^ ~" ^ + i) ' 

^ /* o ^ a* r o 3 . ic2 , 3 • 2 . X 3 • 2 • in 

20. I x'^oFdx = -, x8 _ + _ _ _ _ — -— . 

I log a L ' log « (log a)2 (log a)^j 

21. I = 7 7 H r I cte. 

^ x"» m — 1 «'"- 1 7/1 — 1 J x"»-i 

22. J'e-logxdx = 5^-i r^dx. 

23. Jx"(logx)^cte = f^; |-(,oga,)2__^,ogx + ^^]- 

24. I xcos— ix(ia;= — cos— ^x — 7 Vl — x^ + -sin— ^x. 
J 2 4 4 

25. rx2sin-ixdx = ^sin-ix + | (x2 + 2) Vl - x2. 

, g tan-^ X = ( X — - tan— 1 X \ tan- 1 x — log Vl + x2. 

180. Additional standard formulas. For convenience of 
reference we write below the formulas obtained from examples 
8, 9, and 10 of § 179, and examples 2 and 3 of § 178. 

I ■\lu^ it d^ du 

= ^ Vi*2 ± a" ± y log(w +Vw2 ±a^ + a (2) 

r_^_^ilog ^_+ a (3) 
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181. Reduction formulas. A formula by which any inte- 
gral not directly obtainable is made to depend upon a standard 
form or on a form easier to integrate than the original func- 
tion is called a reduction formula. Thus, the formula for 
integration by parts is a general reduction formula. 

Many special formulas are obtained by applying this general 
formula to particular forms. 

182. Reduction formulas for J x™(a + bx°)Pdx. 

C x"^ {a -\- hx'^y dx 

= J, . .IX ./ . T"., I x^—(a-hbx-ydx, 

{njp + m + 1) (rvp + m + 1)%/ ^ ^ 

(A) 

or ^- — ^ + ^ ^ ^, \x^(a^- bx^y-^dx, (B) 

np -\- m -\-l np -r Til -\- U ^ ^ ' \ / 



or \ \.( ^ ^ , 7"ix ^ I x"^+-(a + bx^ydx, 

a(m -\-l) a (m + 1) J ^ ^ ' 

(C) 



or 

an 



» (^ + 1 ) aTi (^ + 1) */ ^ "^ 

(D) 



Formula (A) decreases m by w. 
Formula (B) decreases p by 1. 
Formula (C) increases m by n. 
Formula (D) increases p by 1. 
Formulas (A) and (B) fail when np -\- m -{- 1 = 0. 
Formula (C) fails when m + 1 = 0. 
Formula (D) fails when ^+1 = 0. 

When (A), (B), or (C) fails, the method of § 178 is appli- 
cable. When (D) fails, p = — 1 and previous methods apply. 
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188. Proof of formulas (A), (B), (C), and (D). 
Integrating by parts when w =0;"*"'""^^, we have 

= a Taj*"-" (a + hx'^ydx + Z> Ta;"* (a + h^^ydx, (2) 

Substituting the last member of (2) for its equal in (1), 
and solving for i x^(a-\- Ix'^ydx, we obtain (A). 

Solving (A) for j x"*"'* (a + 5x**)^e^, and substituting in 
the resulting identity m-^ n for m, we obtain (C). 

j «*" (a + hx'^ydx = j ic*" (a + hx"") (a + hx^^y^'^dx 
= a To;"* (a + Ix'^y-^dx + ft ra;"» + » (a + 5x»)^-"^c?a;. (3) 

Substituting, in (A), m-\-n for m and p — 1 for ^, we obtain 
Cx'^-^''{a + hx''y-'^dx 

= r/ \ .IN - ., \ _/ix \ x^{a + bxy-'dx. (4) 



Substituting in (3), and combining similar terms, we 
obtain (B). 

Solving (B) for j a;*" (a + hx'^y-^dx, and substituting p + 1 

ioT p, we obtain (D). 
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EXAMPLES. 



1. I — 7=^ = — - Va2_x2 + — sin-i-- 
J Va2 - x2 2 2 a 

Here m = 2, n = 2, p = — 1 /2, a = a2^ 5 = _ i. 
Substituting these values in (A), we obtain 

Va2-x2 + ^ fsin-i-- 



x2 



X 

2 



We use formula (A), because decreasing m byn in the given dif- 
ferential reduces it to a known form. 



^- j V^ir^2 14^4.2^" * +4. 



x*dx /x^ , 3a2x\ /-^ , 3 a* . ,x 

- — sin-i- 

2 a 



3. C y =|Vx2±a2:F^log(x + Vx2±a2). 

J V x2 ± a2 -^ ^ 

^ C dx Va2 — x2 , 1 , X 

* J x8Va2-x2 2a2x2 2a8 ^ Va2-x2 + a 

Apply (C), and then use (3) of § 180. 

r dx __ Vx2 + a2 1_ X 

J x8Vx2 + a2'~ 2a2x2 2a8 °^a+ Vx2 + a2 



r dx _ Vx2 — a2 1 __jX 
J x8V^^^"=^"' 2a2x2 '^2a8®®^ a 

dx Vx2 ± a2 



a2x 
dx Va2 — x2 



7 /* ox _ 

' J x2 Vx2 ± a2 ~ ^ 

* Ja x2Va2-x2 ~ a^ 

9. rx2Va2-x2 dx = |(2x? - a2)Va2-x2 + j8in-i| • 
Apply (A), and then use (1) of § 180. 
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10. Cx^y/x^ ± a^dz 

= g(2x2 ± a2) Vx2 ± a2 - flog (x + Vx^ ± aP). 

11. r ^ ~ ^^ dx = Vx2 - a2 - asec-i- ' 
J X a 

Apply (B). 



12. (— ^^-^t^(ix = Vx2 + a2 + a log- 



X 



+ Vx2 + a2 

13. pVa2-x2 ^ ^ V^IT^ + a log f • 

Ja X a+ Va2 - x2 

14. r(a2 - x2)8/2(2x = I (5a2 -2x2)Va2-x2 + ^ sin-i-- 



,„ rVa2 — x2 , Va2 — x2 . ,x 

15. I r dx= sm— !-• 

J x^ X a 

Apply (C), and then use (1) of § 180. 



^g J*v5J^^^_V^Z + iog(x +^^^^^^. 



-^ /* ox __ X 

Apply (D). 

dx _ ±x 
(a.2±a2)8/2-^2Vii-±^* 



18. 



/ 



-^ /^ x2ax X . ,x 

19. J ^^,_ „,..„ = . sin-i- 



x2)8/2 V^TT^ ™ a 



20. r , 2 I 2X8/2 = / ^ + log (X + VS^±^. 

J (x2±a2)8/2 Vx2 ± a2 ' 

21. r(x2±a2)8/2dx 

= 1(2x2 ±5a2)Vx2±a2+|a* log(x + Vx2 ± a^). 
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22 i ^ ^ a(3ag + 2xg) 



/ 



(x2 + a2)6 /2 3 a* (x2 + a2)8 /2 



dx X , '^ J. ^x 

(x2 + a2)2 2 a2(x2 + a2) ^ 2 a^ a 



24 C ^ = ^ I 3g I ^ t -1- 

J (x2 + a2)8 4a2(x2 + a2)2"^8a*(a2 + x2) t"8a5^^ a 



25. ' ^ 



J (x2 + a2)» 

_ 1 X 2n — S r dx ^ 

~ 2 (w - 1) a2 (x2 + a2)n-i "^ 2 (n - 1) a^J (x^ + a2)»-i ' 



26. j V2 ax - x2 (ix = ^^-^-^ V2 ox - x2 + |- sin- 1 
Reduce the expression to the form in (1), § 180. 



27. rx»»V2ax — x2(2x= Cx'^+^^W2a — xdx 

±Jiar 

+ 1 J 



x^-i(2ax — x2)8/2 {2m + l)a r , /- -, 

^^ r-7: — ^ \-- 7-r- I x"»-W2ax — x2dx. 

771 + 2 m 



-^dx_ 
x2 



/* x^'dx _ x"*-^V2ax — x2 (2m — l)a /* x"»-^(Z 3 
J V2 ax — x2 w »» J V2ax — 

29. f— ^^=. 30. r ^'^ 

J V2ax — x2 J 

f 



31. 



V2 ax — x2 
cZx 



x»» V2 ox — x2 

__ V2 ax — x2 m — 1 /» ^ 

~ (2 m — l)ax»» (2 m — l)aj x»»-iV2ax — x2 



CHAPTEE VI. 

INTEOBATION OF TBieONOXETBIG F0BM8. 

184. Jtannuduor/cotnudu. n any integer. 

When nis B, positive integer 

I ta^n*" tcdu = I tan"~^i* (sec^w — 1) du 

tan"-"^^ r^ , , 

= I tan^^^i^aw. 

n — 1 J 

By repeating this process the integration of taxi^udu is 
made ultimately to depend upon the integration of tan u du or 
du according as n is odd or even. 

When ?i is a negative integer, as — m, we have 

tan"" "*udu = cot"* u du, 

which may be integrated by a process similar to that used 
above. 

Ex. rtaii-4|= rcot*g= rcot2|(csc2^-iW 

= —3 rcot2^dcot|- Ccot^^dx 

= — COtSg— C(c8c^^ — l\dx 
= — cot* (x/3) + 3 cot (x/S) + X. 
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186. r sec^uduor j csc^udu, n even and positive. 

= r (tan* u + 1)<» -2) ^* . (f tan w, (1) 

which can be expanded and integrated directly when n is even 
and positive. 

Ex. I sec^xdx = j (tan^ x + 1)^ • d tan jb 

= tan^x/S + 2tan8x/3 + tanx. 

186. r tan'" u sec° u du or j cot"" u esc* u du, m odd and 
positive or n even and positive. 

j tan"» u sec" udu= I (sec* u — l)("»-i)/« sec""^ u . d sec w, (1) 

or ftan"* u (tan« u + l)(»-2) /« . ^ tan w. (2) 

The form in (1) can be expanded and integrated when m 
is odd and positive ; the form in (2) can be when n is even 
and positive. Compare (2) with (1) of § 185. 

Ex. 1. j tan«xsec5xc?x= j (sec^ x — 1) sec* x • d sec x 

= sec^ x/7 — sec^ x/6. 

Ex. 2. j cot6/2xcsc*x(fo; = — rcot6/ax(cot2x + 1) -dcotx 

= —TT cotii/ax — |cot7/2x. 
11 7 

EXAMPLES. 

1. j tan' xc?x = — 1- log cos x. 

2. jtan*xdx = — tanx + x. 



192 INTEGRAL CALCULUS. 



3. I t8iD?zdx = — h log sec X. 

- - , tan^x tan^x . 

4. I tan«xax = — ^ htanx — x. 






M Qo J tan'^2x , 3tanS2x , tan*2x , tan2x 



3* 2 X 4 X 3* 

6. I csc6 7: dx = — 7 cot^ ^ — o cot8 - — 2 cot - 
2 o 2 o 2 2 



7. j tan'xsec-^xdx = — sec-^x/S + sec-*x/5 

= C08^X/5 — cos^x/S. 



3 6 3 

8. I tan^x sec^^SxcZx = 7z sec"^«x — 77 sec^i^^x + 7sec*/'x. 

17 11 o 



9. rtan''^2ajsec*X(ix = ^ tani8/2x + 7: tan^^^x. 



13 9 



,- - ►sec^'xcto ^ - ^ cot^x 

10. I — — 7 — = tan X — 2 cot X ^r— 

taii*x 3 

cot^x cot^x 



r 



11. I cot^xcsc^xdx = — 






6 8 

12. I cot^xcsc"^/ 23.(^3., 13^ I cot-8/2xcsc*x(ix. 

/8 
(sec X + tan x)^dx = - (sec^x + tan^x) — 4 secx + x. 

15. I (tan X + cot x)8 dx = - (tan^ x — cot^ x) + 2 log tan x. 

187. j sin™ u cos" u du, m or n odd and positive. 

I sin*" ti cos" udu= I sin*" u(l — sin'w)'~2~ d sin u, (1) 

/ m — 1 
cos" u (1 — COS*w) 8 d COS u. (2) 
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The form in (1) can be expanded and integrated when n is 
odd and positive ; the form in (2) can be when m is odd and 

positive. 

Ex.1. I sinS/Sajcos^xcto = j sin8/6x(l — sin^x)^ sinjc 

= - sin^ /^ X — - sinis /5 x. 
o o 

cos^xdx _ /^(l — sin^x)d sinx _ 1 1 



Ex. 2. C-^?^ = C 
J sin^x J 



sin*x sinx 3 sin^x 



188. r sin"u cos^udu, m + n even and negative. 

//•sin"*w 
sin^'i^cos^waw = I cos"*+"t*aM 

= j tan^^w sec~^'"+"^i^(fw, 

which is directly integrable by the method of § 186 when 
m -|- w is even and negative. 

Ex. 1. 1 . ^ dx= I cot2xcsc*x(Zx 
J sm^x J 

= — j cot2x(cot2x + l)d cotx 

cot^x cot^x 



j cos-'^^xsin— '''6xdte= j 



Ex.2. I cos-'^^xsin— '''6xdte= i cot-^/Saj.csc^xdx 



= — -COt2/6x. 



Ex. 3. C-^ = r tan- * x (tan2 x + 1) d tan ; 
J sin*x J ^ ' 



COt^ X 

= — cot X T— 

o 
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EXAMPLES. 

/I 2 

siD^ xdx = — - cos^ x + - cos^x — cos X, 

/I 1 

sin* X co8^xd£ = - sin« * "" q ^^^^ ^' 

3. I sin^xcos^xdx. 5. j cos^^xsin^xdx, 

4. I cos^xsiu^xdx. 6. j cos^xsin-^xdx. 

„ /•sin^x , /•x o ^ J tan^x , tan^x 

7. I — r~ dx= i tan^ x sec* xax = — ; 1 r — • 

J cos^x J 6 3 

/* . - »/ , o 3/ /cosx cos^x , cos^xx 

8. I sin^xVcosxax = — 3 Vcosxf — T r 1 — 7^)* 

dx 



J sin^^ 



^xcos^/saj 



/' 



3 3 

= I tan — ■'^^xsec^xcZx = -tan2/8x — -cot*'«x. 



^ . (Zx tan^x 



/dx »^n8x , -^ , 

-r-;; 7- = — ;: h 2 tan X — COtX. 
sm^xcos^x 3 



,, /* dx tan*x , 3tan2x cot^x , „, 

11- J ^:„« ^^ = — r-+ — J^ ^ + 31ogtonx. 



sin3 X cos^ X 



/* sin8/2xdx _ 2tan6/2x -« /^ cos^/Sxdx 

J cos^/'^x "■ 6 • J sin8/8x 

189. j sin" u cos'' udu, by multiple angles. When m 

and n are positive integers, sin*" u cos** u du can be expressed, 
by means of trigonometric formulas, in a series of the first 
degree in the sines and cosines of multiples of u. 

Each term of any such series can be integrated directly. 
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Ex. 1. j cos2 xda; = - j (l + cos2x)dx = -H r — • 

Ex. 2. Ccos^xdx = - j (1 + cos2x)2(to 

= 1 TlI + 2 cos2z + |(1 + cos4x)] dx 
= 3x/8 + sin2x/4 + sin4x/32. 

We shall use this method only when that of § 187 fails ; 
that is, when m and n are both even. 

In any such case the trigonometric formulas for sin*t*, 
cos^ Uy and sin u cos u in terms of sin 2 u and cos 2 u will 
enable us to transform all terms with even exponents so that 
they can be integrated by previous methods. 



EXAMPLES. 



/*• (31 Tl 2 3" 

1. I sin^xda; = - — 



2 4 

1 /Sx . ^ , sin4x 



o r ' », A l/3x . _ , 8in4x \ 

2. I sm*x(te = -f-r — sin2xH — y 

3. j sin^xcte = — (5x — 4 sin2x H 1 — V 



A Co A J 1 / 8inS2x , sin4x\ 

4. j sm2xcos*xdx = r-rf — hx — y 

sin2 X cos* X = (sin x cos x)^ cos^ x = sin^ 2 x (1 + cos 2 x) /8 
= sin22x-cos2x/8 + (1 — cbs4x)/16. 

K r ' 4. 1 A 1/ 8in82x, sin4x \ 

5. I sin* xcos2 xox — t^K ^ r x r — j • 

ly r o 9 J ^/ sin4x\ 

6. I sm^xcos^xdx = -f X r- — y 

7. j sin*xcos*xdx = rr^f 3x — 8in4xH — V 
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190. Reduction formulas for j sin^^xcos^xdz. 

I sin"* X cos" X dx 

sin"*""^a;cos""*"^ic .m — !/•. , 

= ; 1 ; — I sin'"""^ X cos" X dx, (1) 

m -\- n m-\- nJ ^ ' 

sin"»+^^cos"-^ , ^ — 1 r • « « 2 ^ /ox 

or ; 1 ; — I sin"*a;cos"'~^a;aa;, (2) 

7ri-\- n m + nJ , ^ ^ 

/QOs!^xdx _ cos** •*" ^ X m — n — 2 rco&^xdx 

sin"*x "~ (m — 1) sm"''~^ X m — 1 J sin"*"'^a5 ^ ^ 

/^m^xdx __ sin'^ + ^aj n — m — 2 r&ui^xdx 

cos"ic (7i — 1) cos"~^x n — 1 J cos"~2aj ^ ^ 

191. Proof of formulas in § 190. 

Letting u = sin"*~^x, and integrating by parts, we have 

j sin"» X cos" X dx 

sin'^-^cccos^ + ^a; , m — 1 /* . „ , ,.„ , 

= —z 1 T^ I sin'^^^cc cos""*"^a;cte. 

w + 1 n-\-lJ 

gijjm-2^ (jQgn+2^ = sin*"~^ oj cos" ic (1 — sin^ic) ; 

.'. j sin"*~2a; cos"+^ccrfaj 

= I sin"*~^a; cos"a;c?a; — I sin"*ic cos"a5 6^x. 

Substituting this value in the first identity, and solving 

for j sin"* X cos" a; cfa;, we obtain (1). 

Letting u = cos"~^a3, and proceeding in a similar manner^ 
we obtain (2). 

Substituting 2 — m for m in (1), and solving for j — r-^ — f 

ft/ sm X 

we obtain (3). 

Substituting 2 — n for n in (2), and solving for j ^— ? 

•/ cos «v 

we obtain (4). 
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EXAMPLES. 

- /* . , sin"»— ^xcosx , m — 1 /» . . _ 

J m m J 

Putting for n in (1) of § 190, we obtain the formula above. 

2. By the formula in example 1 show that 

/ \ r • A A sin^xcosx , 3, . . 

(a) I sin* xox = r h ^ (x — sm x cos x). 

ix.\ r ' a ^ cosx /sin^x , 5 . „ , 5 . \ , 5x 

(b) I sm6xdx= 2~\~Y"^12'^S^^^)'^Tq 

o /^ « J sinxcos»-ix , n — 1 /» „ « j 

3. I cos«xax= 1 I co8»— 2xdx. 

J « w J 

4. j cos* xdx = —J- ( cos^ X + - cos a^ )+ "^ ' 

K C ^ — cosx m — 2 n dx ^ 

J sin»"x~ (m — l)sin"»— ^x m — 1 J sin"»--2aj 

/> /* fi J cosx/ 1 . 3 \ , 3, ^ X 

6. I cscSxdx= ;^(-^-7- + o . Q l+ologtan-* 

J 4 \sm*x 2 sm^x/ 8 ^ 2 

/* dx __ sinx , n — 2 /* dx ^ 

J cos»»x "" (n — 1) COS"— 1 X n — 1 J cos»— ^x 

Q r 1 A _ sinx / 1 . 5 5\ 

». J sec aJrtx-2^^g2^^^3 ^^g4^ '+'i2cos2x'^8>/ 

+ (5/ 16) log (sec X + tan x). 

/* . o _^ J sinx/ cos^x , cos*x , cosx\ , x 
9. Jsm2xcos*x4x=-2-( 3" + -12- + "s") + ic' 

10. I — T- dx = h sm' X cos x — - (x — sm x cos x) 

J cos^x cosx 2^ ' 



"•/ 



sm^x 3 . . . 

= 7:(^ — smx cosx). 

cos X 2 ^ ' 

co8*x , cosx .„ - . 3x 

— ox = : (3 — COS^ X) r- • 

sin2x 2sinx^ ^ 2 



-« /• dx 1 COSX , 3 , ^ X 



sin^xcos^x cosx 2sin2x 2 ^ 2 
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198. f-r^— and f ^"^ 
•/ a + b COS u J 



a + b cos u J a H- b sin u 

a + b cosu = al sin*- + cos* o ) + ^ ( cos* ^ — sin* - j 
= (a-h) sin* (u/2) + (a + b) cos* (w/2). 

/ du __ 2 r -y/a — bdt2LTi(u/2) 
a-hb G0su~' Va — bJ (« ~ ^) *^^* (^/^) + (« + ^) 



V^*^^* 



or 



/ du _ — 2 /* V& — gef tan(^/2) 
a + ft cos u "~ Vft — a J (^ "" ^) ^3,n* (w/2) — (b + a) 



^ 1 V^^tan(i./2) + Vft+^ 
Vft*-a* Vft-atan(i^/2)- Vft+a 



a H- sin M = a I sm* - + cos* - j + 2 ft sm - cos ^ 

/ <^^ _ /• ^eQ,^(^i/2)du 
a-\-b sin w %/ a tan* (u/2) + 2 ft tan {u/2) + a 



='fra 



a sec^(u/2)du/2 



[a tan (^^/2) + ft]* + (a* - ft*) 



tan- ^tan(./2) + ft^ ^3^ 



Va* - ft* -s/a^-J^ 



1 g tan (^/2) + ft - Vft* - g* 

^"^ Vft^T^^''^atan(i./2) + ft + Vft^ir^' ^^ 

If a > ft arithmetically, we use the forms in (1) and (3) ; 
if a < ft arithmetically, we use the forms in (2) and (4) ; that 
is, in each case we use that form of the integral which is real. 
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EXAMPLES. 



/* dx 1 /» d(2x) 1 

J 6 — 3 cos 2 » 2^ 6 — 3 cos 2 X 4 ^ ' 



5 + 4sin2x 3 3 



dx 1^,5 tan x + 4 
= 3^"' 3 

/* dte _ 1 tan(3x/2)H-2 

• J 3+6cos3x 12 ^^tan(3x/2)-2' 

4 /* <to _1| 2 tan(3x/2) + l . 

• J 4 + 6sin3x 9 ^^2 tan(3x/2) + 4* 

dx 1,2 tan x — 1 



'S^ 



= QlOg 



6 cos 2 X 8 ° 2 tan x + 1 



193. Integration of trigonometric forms by substitution. 

Assume sin x = z\ then 

cos a; = (1 - «^i^^ (^a = (1 - ;sj2)-i/2^-5j^ 

.-. I sin'^ic cos*»x (fx = T^"* (1 — z^^^'-^^^^dz. 

The last form is integrable for all integral values of m 

and n, positive or negative. 

We might have assumed cos a; = « instead of sin x = z. 
This method is applicable to any rational trigonometric 

differential. 

EXAMPLES. 

- r ' A o J cosx/sin^x sin^x sinxx , x .-, 

1. j8m«xcos»x<to=^-(^ 8") + 16" ^^^ 

Let sinx = z ; .-. cos^x = 1 — 22, c?x = (1 — z^)-.^^^dz. 
.-. j sm*xcos2xdx = j 2* (1 — 22)1/2^2;, 

_ (1— 2;2)l/2 /2^ _ 2^ _ 2\ , sin-l2 ^ 

2 V 3 12 8/ 16 ' 

Substituting sinx for 2, we obtain the integral in (1). 
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2. j sec^xdx = (sec^x + -seca) + - log{secx + tan z). 

Let sec x = «, or a = sec—^z ; ,-. dx = 



zy/z^ — 1 

/. TsecS X dX = A* (22 — 1)-1 /2 da; 

= J (22 - 1)1/2 (28 + I 2) + |log (2 + Vii^^). 

Substituting sec x for 2, we obtain the required integral. 

o /*cos*xdx cos^x , . , . JC 

3. I — : = — h cos X + log tan - • 

^ smx 3 2 

Assume cosx = 2. 



. /* dx cosx , 1, , X 

4. I . a = — ^ . o + - log tan - 
J sm^x 2 sm^x 2 ^ 2 

5. I -: — = h log tan - • 

^ sinxco82x cosx 2 



6. r^-^L_^=r 

J sm X cos* X J 



dx _ /* (sin2 X 4- cos2 x) dx 

sin X cos* X 

sinxdx . /• dx 



/ sinxdx , /• 
cos*x J i 



sin X cos2 X 



„ r ^ 1 cosx.S.^x 



sin8xcos2x cosx 2 sin2x 2 2 



a r ^^ ad . ^ ^ , /, , t . /,x 



Assume tan ^ = 2. 
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-if^A m r a^ • 1- J e*^(asinbx — bcosbx) ... 
194. To prove I e*^ sm bx dx = ^^ ^ g ; (1) 

7 r a^ I, J e*^(bsinbxH-acosbx) „^ 
and I e*^cosbxdx = — ^ ^ , g ^- (2) 

Integrating e"* sin ^cc dx by parts, first with u = sin &a; and 
then with u = e"^, we obtain (3) and (4). 

/. . 7 e*^ sin &a; h C „^ i -, 
6°^ sin hx dx = I e*** cos bx dx, (3) 

J. 7 7 e^^COS^CC , CL r »^ 7 7 /^X 

e*^ sin bxdx = •" 7 I ^ ^^^ ^^ ^^- (^) 

Subtracting (3) from (4), we obtain (2). Multiplying (3) 
by a/b and (4) hj b/a, and adding the results, we obtain (1). 



EXAMPLES. 



1. I e^ {siD. ttx -\- COS ttx) dx = e^ sin ax / a. 

2. j e3^(sin2x — cos2x)dx = e8aJ(sin2x — 5cos2x)/13. 



, *sin « , sm X + cos x 
3. I dx = r-— 



■■/- 

^' I — 2\8/2 ~ ^ ^^'^ ^ "^ ^^S COS 2, where 2 = sin-i x. 

/t; T-T— = I z. 8e,c^ zdz = z tan z— I tan 2d2. 
(l-a;^)8/2 J J 



-; dx = x tan - • Put x = 2z. 

+ cosx 2 



195. Integration by expansion in series. When by any 
of the preceding methods we cannot integrate a given differ- 
ential exactly, we can expand the differential in a series, 
integrate its terms separately, and thus obtain the integral 
approximately between the limits of convergency of the 
series. 



202 INTEGRAL CALCULUS. 

EXAMPLBS. 

JC' 3J^ x"' X® 

8inx = x-J3 + J5-^+j^ . §94 

Multiplying hy dx/x and integrating, we obtain (1). 

rt /*co8a, , x^ aj* x^ , x* 

2. j -:-dx = logx-j7-7^+7-j7-j-7^ + 



X ^ 2.(2 4-[4 6'\6 ' 8-[8 

g^xg g^xs g^x* 
2.[2"^3-[3"^4.[4 



/gOX U.-il/- U.-il/- Vb-Ji' 

—dx = logx + gx + ^^-^ + ^p-7^ + 7-;7 + 



dx 1 • x6 1 . 3 • x» 1 • 3 . 5 • xi« , 



(1) 



(2) 



^ J Vl+x* "^ 25 • 2.4-9 24. 6. 13 

Jo l-aj"^ Vl2^22^32^4''2^ ) 

(1— x)-i = H-x + x2 + x8+ • • •, when — l<x<l; 

2_ dx-= I (logx + x logx + x2 logx + •• •)dx. 

Integrating each terra in (2) by the definite integral given in 
example 2 of § 179, we obtain (1). 

6. By integrating (1 + x^)— i dx directly and by series, prove that 

, x8 , x6 x7 x» 
tan-ix = x-- + --y + - , (1) 

(1 + X2)-1 = 1 - X2 + X* - X6 + X8 - • • • ; 

^-^= j (1-X2 + X*"X6+X8 )dX, 

7. Prove sin-ix = x + — + ^^^^+2T4T5T7+-"- 



Integrate dx/ Vl — x2 both directly and by series. 

X x2 x' X^ 

8. Prove log (a + x) = log g H r— ^ + 5-^ — -7—: + • • •. 

®^ ' ^ a 2g2 3g8 4g* 

Integrate dx/(g + x) both directly and by series. 

« f>- 1 / J /rn — ^ 1«^ 1 1-3.X6 1.3.5.X7 , 

9. Provelog(x + vTT^2) = ,,--_ + -__- ^^^^^^^ + 



CHAPTER VII. 

LENQTHS AND ABEAS OF GTJEYES. STJEFAGES AKD VOLUMES 

OF SOLIDS OF BEVOLUTION. 

196. Lengths of curves. Rectangular co-ordinates. Let 
s denote the length of the arc whose ends are the points 
(xq, 7/q) and (x, y) ; then from d^ = dx^ + c?^, by § 165, we have 

5 = r"[l + (dy/dxy^'^'dx, (1) 

or 5 = f" i{dx/dyy + l^^^'dy, (2) 

according as we express ds in terms of x or of y. 

In any given curve we use that formula which gives the 
simpler expression to integrate. 

EXAMPLES. 

1. Find 8 of the semi-cubical parabola ay^ — xK 

{dy/dx)^ = 9x/ia; 

i^(i+jf) * si»e,m 

'Mii'-ur'-o-'^)'"]- « 

When {xoj yo) is the origin, (1) becomes 






2. Find 8 of the cycloid x = r vers-i (y/r):^ ^2ry — y\ 

{dx/dy)^ = y/(2r-y); 



.•.s=V2r) (2r-y)-i/2dy §196,(2) 

= 2\^[(2r - yo)^/2 _ (2r - y)i/2]. 
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Putting 2/0 = and y = 2 r and taking twice the result, we find 
that the length of one arch is 8 r. 

3. Find s of the parabola y^ = 4px, (Xo, yo) being the origin. 

Ana. 8 = ^V4jp2 + y^ + plog '^ "^ 4 p^ + y^ ^ 

4. Find s of the circle x^ + y^ = r^, and the circumference. 

Ans, r sin-i (x/r) — r sin-i (Xo/r) ; 2 ;rr. 

5. Find s of the hypocycloid x^/s + y2/8 = ^2/8^ and the length of 

6. Find s of the ellipse y^= (1 — ^) (a^ — x^), and the length of curve, 
c being the eccentricity. 

(a2- 62x2)1/2 --p=; (1) 

Xq va2 — x2 

hence, the length of the elliptic quadrant Sq is 

., = JV-^xy/^^=. (2) 

The integrals in (1) and (2) cannot be obtained directly, but 
(a2 — e2x2)i/2 can be expanded by the binomial theorem, and the 
terms of the result can be integrated separately. Thus, 



»Q 



J^ ° dx e2 /* « x2dx e^ /*« x^dx 

Va2 - x2 2aJo V^TT^ SasJ^, Va2 - x2 

__^ / e2 3 » e* 32 ■ 6 • es \ 

"~ 2 \ 22 22.42 22.42.62 / 

7. Find s of the ellipse when given by the equations, 
X = a sin ^, y = b cos $j 
where denotes the complement of the eccentric angle, 
dx2 = ^2 cos2 ede^, dy^ = 62 sin2 ^d^ ; 
.-. ds2 = (a2 cos2 ^ + 62 sin2 0) d0^ 
= a2(l — e2sin2^)d^. 

.-. s = a r^(l — e2sin2^)i/2d^; 
•A) 

andS5 = a T*"^ (i — ^2 sin2 ^ _ 1 e* sin* ^ — :^ e^ sin^ ^ )d0. 

Jo ^ ^ 1^ 



THE CATENARY. 
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197. To find the length and the equation of the catenary. 
Let NOM be the curve in which a chain or flexible string 

hangs when suspended from two fixed points M and N\ then 

NOM is a catenary. ^ 

Let w denote the weight 

of a unit length of the chain, 

and s the length of the arc 

whose ends are the lowest 

point (0, 0) and the point 

(x, y)yOvB) then the load 

suspended, or the vertical 

tension, at B is sw. Denote the horizontal tension, which is 

the same at all points, by aw. Let DA be a tangent at B ; 

then if c • BD represents the total tension of the chain at B, 

C'BE and cED will represent, respectively, its horizontal 

and its vertical tension at B, 




O' 



X' 



Hence, 



dy _^C' ED _ sw _ s 



dx 



s 
a 



c • BE aw 

^ds^ — dx^ 



a 



(1) 



dx 



,\dx = 



ads 



Va2 + 



, X = a I 



ds 



= a log 



5 + Va2 + 5« 



■y/a^ + s" ' d 

Solving (2) for s, we obtain as the length of OB 

Eliminating s between (1) and (3), we obtain 



(2) 



(3) 



a 



.\y-\-a = - (e^/« + e-^/«) (4) 

is the equation of the catenary referred to the axes OX and Y, 
If 0^0 = a, and the curve be referred to the axes O'X and 
0' Y, its equation will evidently be 

2/ = |(^^" + «""^")- (5) 
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198. To find tlie length and the equation of the tra^trix. 
The characteristic property of the tractrix is that the length 




of its tangent PT is constant. 

Denote the constant length of the tangent PT by a. 

Let PM=ds'y 

then — PN = dt/y and NM = dx. 

d±_ _PM_ a 
' ' di/'~ 



(1) 



(2) 



PN y 

Hence, if s is measured from A^ or (0, a), we have 

J'^ydxj . a 
-^ = a log - • 
« 2/ y 

Again, from the figure we have 

dy /dx = — y l^a^ — i^. 

Integrating (3), remembering that y = a when x = 0, we have 

x = — Va^ — y'^ H- a log [(a + Va^ — i/*) /y] 
as the equation of the tractrix. 



(3) 



199. Lengths of polar curves. Let s denote the length 
of the arc whose ends are (po, ^o) ^"^^ 0>> ^)> then from 
ds = VjiwT^, by § 165, we have 

s= CV^dFTd^\ or s= CV^dFTd^\ (1) 
according as ds is expressed in terms of $ or p. 
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EXAMPLES. 
1. Find 8 of the spiral of Archimedes p = aO, 

ds = aVrT~e^ dS ; 



.-. « = a j VT 



+ ^d^ 





Putting ^0 = and ^ = 2 ;r, we obtain as the length of the first 
spire 

a [;r Vm^ + ^log (2 ;r + VT+T^)]. 

2. Find s of the logarithmic spiral p = 6e^/«. 

^/a = log(p/6) = logp — log6; 



... 5 = Va2 + 1 r^dp 



'^0 



= Vo^-hi (p - po). 

3. Find s of the cardioid p = 2 a (1 — cos &), 

Ana, 8 = 8 a [cos (Bo/2) — cos(^/2)] ; entire length = 16 a. 

4. The entire length of the curve p = a sin^ (d/Z) is S7ea/2. 



200. Curves in space. Let s denote the length of an arc 
of a curve in space whose ends are (xq, t/q, Zq) and (x, y, z), 
and let As denote the length of an infinitesimal arc whose 
ends are (x, y, z) and (x + Ace, y -\- Ay, z + A;*;) ; then 

As = VAo;^ + Ay^ + A«* + vi", where ?i > 1. § 69 

.•.cfe=V^M^'^M^^. §71 



.-. s ^^C^dx'^ + df + d^. 
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EXAMPLES. 
1. Fiiid the length of an arc of the helix, 

X = a cos 0, y = asiiid, z = kO. 
dx= —asm ddd^ dy = a cos ddSj dz = kd$ ; 
.-. ds = Va2 + k^ de. 

*9 



Here 



.-. s = Va2 + k^ C de 

= Va2 + A;2 {0 - 0o), 



2. Find 8 of the curve y = x^ /2 a, z = x^ /Q a^^ 8 being reckoned from 
the origin. 

x^ 



8 = 



"^"^aaa""^"^^- 



3. Find s of the curve y = 2 Vox — x, z = x — (2/3) Vx'/a, s being 
reckoned from the origin. 



8 



=^(^^+^l-)■^=•^ 



y — z. 



201. Areas of curves. Let iV^C be the locus of y = <^ar, 

. and NDSC that of y = /ar. 
- Denote their intersections, iV 
by (xo, yo) and C by (x^, y^, 
and the variable area NBD 
by A 

Let a = OM, dx = 2>^; then 

dA = D^i^ = {4>x - fx) dx. 




. • . ^' = P\<^x - /r) ^a^, (1) 



O M 



where A^ = area NBCD. 
Writing the equations of the curves in the form 



x 



Ji -1 



<^-^y and x=f-^y, 
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in like manner we obtain 

A' = C\f-hj ~ ir'y) dy. (2) 

If the locus oiy =fx is the aj-axis, formula (1) will become 
identical with (3) in § 166. 

EXAMPLES. 

1. Find the area bounded by the parabolas y^ = ^ax and x^ = 4 ay^ 

The parabolas intersect at the points (0, 0) and (4 a, 4 a) ; hence, 
the limits are x = and a = 4 a. 
The curves enclosing the area are y — V4ax ^^^ y = x^/^a. 

r*«/ 'n — . x2\ , 16 a2 
,\ A = 



=XX^^-^)'^= 



2. Find the area bounded by the parabola x^ = ^ay and the witch 
2/(x2H-4a2) = 8a8. 

3. Find the area bounded by the curve 2^ (1 + x^) = x, and the right 
liney = x/4. Ans, log4-3/4. 

4. Find the area of that part of the ellipse x^/a^ -\- y^/b^ = lj which 
lies between the lines x = Xo and x = Xi. 

Here the bounding curves are 



y = (6/a)Va2-x2, y = — (b/a)Vcfi--x^. 

= - fx Va2 - x2 + a2 sin-i -1 "^^ (1) 

Putting Xo = — a and xi = a in (1), we obtain Ttab as the area of 
the given ellipse. 

Putting 6 = a in (1), we obtain the area of that part of the circle 
x2 + 2/2 = ^2 which lies between the lines x = Xo, x = Xi. - 
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5. Find the area of the hyperbola x^/a-* — ^2/52 = i^ included 
between the lines x = Xq and x = Xi. 

b 



Ana. -["xv^a^^ — a21og(x— -v^^^^l*^- 



6. Find the area bounded by the catenary, the x-axis, the ^-axis, 
and any ordinate y, 

A = ^ C''^^/^ + e-^/«) dx = a8. § 197, (3) 

7. Find the area bounded by the tractrix in the first quadrant, the 
o^axis, and the ^-axis. 

A= C ydx = — / ^a--y'^dy = 7Ca^/i. 

8. Find the area between the cissoid y^ {2 a — x) = x* and its 
asymptote. Ans. ^naK 

9. The area of the hypocycloid a2/8 4. 2^2/8 = ^2/8 is 3 7ea^/%. 

10. The area of one loop of a^y^ = x* (a2 — x^) is 4 a2/6. 

11. The area of one loop of a^ = 52^2 (^2 — x2) is 2 a6/3. 

12. Solve the first example by formula (2) in § 201. 

13. Find the area between the curve y^ = 4 a2 (2 a — jc) and its 
asymptote x = 0. j^^5, 4 ^^2. 

202. Areas of polar curves. Let B be any fixed point 
(po, ^0) and F any variable point (p, 0), Conceive the area 

^ BOP as generated by the radius vec- 
tor p, and denote it by A, 

With OP as a radius draw arc PD, 
and let c?^ = Z POP' ; then 

dA = OPD = (pV2) dO ; 

1 r^ 

.\A = ^\ p^dO, (1) 

For the proof of (1) by limits see § 71, example 11. 
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EXAMPLES. 

1. Find the area of the cardioid p = 2a(l — cos 6). 

Area = 2a2 C "" (1 — cos 6)^ dd == 6 Tta^ 

2. Find the area of the lemniscate p^ = a^ cos 2 $. 



Area = 



= 2a2 r 



ir/4 



cos2^d^= a2. 



3. Find the area between the first and the second spire of the spiral 
of Archimedes p = a6. 



Area = 



»4ir fj2 /•2ir 



a2 n^^^^ a2 /•s 



4. The area generated by the radius vector of the logarithmic spiral 
p — ef^ from ^ = to ^ = Tt/2 is {e'^« — l)/4a. 

5. The area of one loop of the curve /> = a sin 2 ^ is ita^/%, 

6. The area of one loop of the curve p = a sin 3 ^ is ;ra2/ 12. 

7. The area of a sector of the spiral /o^ = a is (^ — ^o) «^/2 de^, 

8. The area of a sector of the spiral p^d = a2 is ~ log — • 

9. The whole area of the curve p'=a (cos 2 ^ + sin 2 0) is ita^. 



203. Areas of surfaces of revolution. Let ^ be a fixed 
point (aJo> Vo) and P a variable point (a;, y) on the curve mAP, 
Let AP = s, and PP' = As, Draw 
PT and P'^ each parallel to OX y 
and equal to As. Let S denote the 
surface generated by the revolution 
of AP about the ar-axis ; then AS ^^ 
equals the surface generated by PP'. 

Evidently 




M N 



that is, 



surface PT<AS< surface P^B; 
2 'rryAs < AS<2 7r (y + Ay) As, 
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Let 
then 



As = i ; 

AS =2 Try A* + vi^, where n > 1. 

.'. (IS =2 iryds ; or /S = 2 tt / yds. 



a) 



In any particular example, yds is obtained in terms of Xj y, 
or any other variable as may liappen to be convenient. 
Similarly, if the y-axis is the axis of revolution, we have 



/S = 2 TT / xds. 



(2) 



204. Volumes of solids of revolution. Let ^ be a fixed 

point (iCo, 2/o) and F a variable point 
(x, y). Let V denote the volume 
of the solid generated by revolving 
^^PJIf about OX, 

Conceive this solid as generated 
by a circle whose centre moves 
along OX, and whose variable 
radius is the ordinate y of the 




O B 



M N X 



curve AP, 

When X = OM let dx = MN ; then 

dV= cylinder MPDN = irifdx. 



'. V = IT I y^dx. 



§11 

(1) 



Similarly, when the y-axis is the axis of revolution, we 
have 



V= TT I x^dy. 



(2) 



The proofs of (1) and (2) by the method of limits are left as exercises 
for the reader. 

In the following examples, a segment of a solid of revolution means 
the portion included between two planes pci'pendicular to its axis ; and a 
zone means the conv&a surface of a segment. 
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EXAMPLES. 

1. Find the area of a zone of a sphere. 
Here yds = rdx. 

.-. /S = 2 ;r / yds = 2 ^r j dx 

= 2 ;rr (x — Xq). 
The entire surface = 2 I 2 Tcrx I = 4 rcr^ 

2. Find the area of a zone of the surface generated by the cycloid 
revolving about its base. 

yds = v^ (2 r — 2/)- 1 /2 y^y^ 

,\S = 27tV2r r\(2r'-y)-^^^dy 

= 2 ;rV2rr— |(4r 4- y)(2r- 2/)i/2l^ 

L O Jy^ 

p 2 n2' 

The entire surface = 4 ifw2 r — - (4 r + 2/){2 r — 2/)i ^2 

- 64 ;rrV3. 

3. Find the area of a zone of a prolate spheroid. 
The generating curve is y^ = (i — e2) (a^ — ic2) and 






wdte = - Va2 — e2aj2 cto. 
a 



.-. iSf = 2;r- / 
a f 



■Va^ — e^x^dx 



= 7t-[xVa^ - e2x2 + -sin-i-T- 
Tli^ entire surface = 2 ;r6 [6 + (a/e) sin- ^ e]. 

4. Find the area of a zone of the surface generated by the catenary 
revolving about the a^axis. 

Here yds = - (e^/« + er */«)2dx. 






214 INTEGUAL CALCULUS. 

5. Find the area of a zone of the surface generated by the tractrbc 
revolving about the x-axis. ^^, 2 7ta (y© — y). 

6. Fuid the area of a zone of the paraboloid of revolution. 

Ana. ^[(4i>2 + 2^2)3/2 -(4p2 + y^^a)8/2]. 

7. The entire surface generated by revolving the hypocycloid 
a.2/8 + 2/-/8 = a2/8 about the a:-axis is 12 7ta^/6. 

m 

8. The surface generated by revolving -the catenary about the y-axis, 
from x = to x = tt, is2 Tta^ (1 — e— ^). 

9. Find the volume of a segment of the prolate spheroid. 

t2 — x2) dx 



V=7e I y'^dz = 7t— j (a^-x^) 

J x^ J x^ 



The entire volume ~ ^ ~2 I ^^ ~" T ~ q itabf^, 



which is two-thirds of the circumscribed cylinder of revolution. 

Putting 6 = a we obtain the volume of a segment and the entire 
volume of a sphere whose radius is a. 

10. The volume of the oblate spheroid is two-thirds that of the circum- 
scribed cylinder of revolution. 

11. The volume of the paraboloid is one-half the circumscribed 
cylinder of revolution. 

12. The volume of the solid generated by revolving an arch of the 
cycloid about its base is five-eighths of the circumscribed cylinder. 



Here y^.^^ T^^^^, 

Jy.. V2 ry - y2 



^0 

13. Find the volume of the solid generated by the revolution of the 
tractrix about the x-axis. 

Volume = 2 7t j y^dx = —27t i "Va^ — y^ydy = 2 7ta^/3. 

14. The entire volume generated by revolving the hypocycloid 
aj2/3 4- 2^2/8 = cCi/z about the x-axis is 32 7raV105. 
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16. Find the volume of a segment of the solid generated by the revo- 
lution of the curve /(x, y) = about the luie x = a. 

Let AB be the line x = a, and let P y 
be any point on the curve /(x, y) = 0, 
omEP ; then AH = x — a. 

Let BG = Ay = i; then 

AV = 7e(x — a)2 Ay 4- vi», 
where n >► 1. 



.'. V= Tt I (x — a)2 dy. 




O 



(1) - " ^ 

The student should prove (1) by the method of § 204. 



16. If the figure bounded by x = a and the parabola y^ = 4px is 
revolved about the line x = a as an axis, the volume of the solid gener- 
ated is 32 Tta^Vpa/lb. 

17. Find the volume of the solid generated by the revolution of the 
cissoid about its asymptote. j^fig. 2 7t^a\ 



206. Let V denote the volume generated by any plane 
figure moving parallel to a fixed plane. Let x denote the 
distance of the generating figure from s.ome fixed point, and 
let <I)X denote its area ; then, evidently, 

A V lies between <^ (x) • Ax and <l>(x -\- Ax) • Ax. 

Hence, when Ax = t, 

AV= <l)(x) 'Ax + vi^f where ?* > 1. 

.-. V= C<l>(x)dx, (1) 

the limits being so chosen as to include the volume sought. 



EXAMPLES. 

■ 

1. Find the volume of any pyramid or cone. 

Let B denote the area of the base and a the altitude. 
Let 0x denote the area of a section parallel to the base at the 
distance x from the vertex. Then by geometry we have 

(f>x: B = x^:a^; /. 0x = Bx^/a^. 
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Conceive the solid as generated by this variable section moving 
from the vertex to the base ; then by (1) of § 205 we have 



V = (B/aP) C\Hx = B • a/3. 



2. Find the volume of a right conoid with circular base, the radius of 
the base being r, and the altitude a. 

Conceive the solid as generated by the 
section DTQ moving to the right, and 
denote OP its perpendicular distance 
from O by x. 

0C = AB = 2r, 

OA = CB = a. 

.-. <fai = PQX PT 

= aV2raj — x2. 




/•2r 



^/2rx — x^dx 
= 7Cr^a/2, 



3. A rectangle moves parallel to and from a fixed plane, one side vary- 
ing as its distance from this plane, and the other as the cube of this dis- 
tance. At the distance of 3 feet the rectangle becomes a square of 4 feet. 
Find the volume then generated. Ans. 94 cubic feet. 

4. An isosceles triangle moves perpendicular to the plane of the ellipse 
x2/a2 + 2/2/52 = 1^ its base is the double ordinate of the ellipse, and its 
vertical angle 2 -4 is constant. Find the volume generated by the triangle. 

Ans. 4a62cot(^/3). 

5. A woodman fells a tree 2 feet in diameter, cutting halfway through 
from each side. The lower face of each cut is horizontal, and the upper 
face makes an angle of 46° with the horizontal. How much wood does 
the man cut out ? j^^s. it /2 cubic feet. 



6. Obtain formula (1) in § 206 by the method of proof employed in 
§204. 



CHAPTER VIII. 

DOUBLE AND TSIFLE INTEGRATION. APPLICATIONS. 

206. Double and triple integrals. If we reverse the oper- 
ations represented by . dxdyy we obtain the function u. 

That is, „=JJ^^rfy, (1) 

which indicates two successive integrations, the first with 
reference to y^ x and dx being regarded as constants, and the 
second with reference to x, y being regarded as a constant. 

In (1) the right-hand sign of integration is used with the 
variable y\ that is, the signs of integration are taken from 
right to left in the same order as the differentials. 

Let w' denote the definite integral when the limits for x are 
Xq and cci, and those for y are y^ and y^ ; then 

u^= P r'-^dxdij. (2) 

•/xq Jvq dxdy ^ ^ 

Ex. 1. f" C xyix- y) dxdy = C\dx [^ - 1-1 

„ (-2— t)'^ 

= a^b^a -h)/6. 

Oftentimes the limits of the first integration are functions 
of the variable of the second. 

The second member of (1) denotes what is called an indefi- 
nite double integral, and the second member of (2) a definite 
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double iritegral. Similarly, we have indefinite and definite 
triple and multijde integrals. 

I I X2/2; cf X dj/ dz = I I xydxdy i zdz 

= r°^ r\(as«-»»)dj, 



•2«x6 210^ 

— ox ^^ 

8 16 



EXAMPLES. 



1. I I ydxdy = — ' 



3 



*/o 



3 



3. I j « * xydxdy = ^ 
nh /•p/ft 752 



^ /•& /•2y 11 &4 

5. I I xyayax = 

Jo Jy—l 



24 



«/2&C08 6 



2&C08<^ 



J '•ft /*Y 63 _ cf3 

I p2 sin 0dpdd = — - — (cos /3 — cos 7). 
a Ja 



4 

ab^ 4- 2 a* 



8. j j {x — a){y — b)dydx = a^b — 

Jh J—v 



3 

16 



I j (2/2 + z^)lcdzdydx = y fca^. 

■a •/ — a «/ — a 

Xb /•a /•2b 1 

I I x^y^zdxdydz = - a^h^ (6^ - a^). 

Jr*2 /•x /*x + y 
I I I eP^+v + ^dxdydz = 

*/o */o 



8 4 ^^- 
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207. Areas by double integration. Rectangular co-ordi- 
nate. Let NBC be the locus 
of y = €t>x, and NDSC that of 
y = fx. Denote their inter- 
sections, N by (xq, yo) and C 
by (xi, yi), and the curvilinear 
area NBCD by A. Let P be 
any point (x, y) in this area, ^ 
X and y being independent. 

Let PF= dx and PG = e^y. 

When X and c?aj are con- 
stants, P G QF, or dx dy, will be 
the differential of the area DPFE. Hence, integrating dx dy 
between the limits MD and MBy or fx and <^x, we obtain the 
area DBLE, or (<f>x — fx) dx, which is the differential of the 
area NDB, Integrating (<f}X — fx) dx between the limits Xq 
and cci, we obtain the area NBCD, or A, 




O M 



Hence, 



Xq %/fx 



dxdy. 



(1) 



When y and dy are constants, PGQF, or dydx, will be the 
differential of the area HPGK, Hence, integrating dydx 
between the limits H^H and H'S, we obtain the area HSBK, 
which is the differential of the area NHS, Integrating this 
between the limits M'N and XC, we obtain the area NBCD, 
as before. 



Hence, 



-4 = j j dydx, 



(2) 



the limits being taken so as to include the required area. 

The order of integration, therefore, is indifferent, provided 
the limits assigned in each case be such as to include the 
area sought. 



Cor. Ql^yA = dxdy and Q.,j,A = dydx. 
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Ex. 1. Find the area bounded by the parabolas y^ = 4 cjx and a;^ = 4 ay. 
The parabolas intersect at the points (0, 0) and (4 a, 4 a). 
Hence, if we use formula (1), the constant limits for x will be and 
4 a, and the variable limits for y will be x2/4 a and viax. 

_ ^. /•*« r^^^ ^ 16 a2 

That is, area = I I axay = — r— • 

Using formula (2), we obtain 

'4a r^^T^v^ ^ 16 a2 
area =1 I ay ax = — r— • 



J^4a /*y*ay 
I 
^tP/ia 



Ex. 2. Find the area between the parabola 1/^ = ax and the circle 
y2 = 2 ax — x2. 

^ f" r^2«^-^^ ^ ^a^ 4a2 
Area = 21 I dxdy = — r- • 

208. Areas of polar curves by double integration. Let 

NBG be the locus oi p = <(>$, and HDHJ that otp=f9. 




Let Z XON= $0, and Z XOG = ^1. 
Denote the area HEGN by A, 

Let P be any point (p, ^) in this area, p and tf being 
independent. 

Let PM = <^/3 and Z PO/Sf = e^^ ; 

then arc PS = pdO. 

Construct the rectangle PC AM where PC = PS= pdO; 

then triangle POC = sector POS. 
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When and dO are constant, FCAM, or pdOdp, will be the 
differential of the triangle POC, or of its equal, FOS, Hence, 
integrating pdOdp between the limits OD and OB, or f$ and 
<!>$, we obtain the area DBB'D\ or ^ l{4>ef — (fOf} d$, which 
is the differential of the area HDBN. 

Integrating this differential between the limits $q and Oi, 
we obtain the area HEGN, or A, 

Hence, A= C''C%dedp. (1) 

Cor. QopA = pdddp. 

EXAMPLES. 

1. Find the area between the two tangent circles p = 2 a cos d and 
p = 2 6 cos ^, where a > 6. 

I i pdddp 

«/26cosa 



/•7r/2 

= 4(a2-&2) I cos2^d^ = ;r(a2-62). 



2. Find the area, (1) between the first and the second spire of the 
spiral of Archimedes p = a$; (2) between any two consecutive spires. 

3. By double integration find the area, (1) of a rectangle ; (2) of a 
parallelogram ; (3) of a triangle. 

4. Find the whole area of the curve {y — mx — c)^ = a^ — x^. 

Ans. TCa^. 

209. Area of any surface by double integration. On the 

surface z =f(x, y), let F be any point (x, y, z), and Q the 
point (x + Aa, y + Ay, z -f- Az), x and y being independent ; 
then F'N= Ax and F'S = Ay, 

Conceive a tangent plane at P, not shown in the figure. 
The planes through F and Q parallel to the co-ordinate planes 
XZ and YZ will cut a curved quadrilateral FQ from the sur- 
face «=/(«, y), and a parallelogram Fq from the tangent plane. 
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Let 

then 



iue = i and Ay = wi ; 
% PQ = area Fq + vi", where » > 2 

= area P'Q' ■ sec y + vi', (1) 

where y is the angle which the tangent plane at P makes 
with the plane XY, 
From (1) we have 

A^5 = Ai Ay sec y + vi". 

§ 140, Cor. 




From analytic geometry we have 

the limits being so chosen as to include the required surface. 
Let S denote that part of the surface z=f(x, y), z being a 
one-valued function, which ia included by 
the cylindrical surfaces y = ipa^, y = ^x, 
and the planes x = a, x = b; 
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'^- ^=rx:-h(i)"Ki)"]""'"* <^' 

210. Volume of any solid by triple integration. 

Let P be any point (a:, y, z) within the solid OZY-X, x, y, 
and s being independent. 

Let PS = dx, PS = dp, PP' = dz. 




Regarding x, dx, y, and dy as constants, the prism PK', or 
dxdydz, will be the differential of the prism NK. Hence, 
integr ating dxdydz between the limits 2 = and n = NH, we 
obtain NRdxdy, or the prism NB', which is the differential 
of the solid MM'A'A-R. 

Integrating NBdxdy between the limits y — Q and y = MB, 
we obtain the cylinder MAB-B', or MABdx, which is the dif- 
ferential of th e solid OZY-M. 

Integrating MABdx between the limits x=0 and x = OX, 
we obtain the volume OZY-X, or V. 

Hence, V= C C C dxdydz, (1) 

the limits being so chosen as to include the volume sought. 
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Let V denote the volume bounded by 

the curved surfaces « =/o (^9 y)) ^ =/(^j y) 5 
the cylindrical surfaces y = 4>QXy y = <f>x\ 
and the planes cc = a, a; = 6 ; 

then F= j I ) dxdydz. (2) 

CoR. 8aya V= dx dy dzy Q^^ V= dydz dx, • • •. 

Ex. Find the volume of the ellipsoid z^/a'^ + ^2/52 4. 2;2/c2 = 1. 

The entire volume is eight times that in the first octant, where the 
limits are 



aj = 0, X = a. 



EXAMPLES. 

1. Find the volume bounded by the plane x = a and the surface 

The entire volume is four times that in the first octant ; 

2. Find the volume bounded by the surfaces, 

x2 + 2/2 = cz, z^-{-y^ = ax, 2 = 0. 



4n«. 2J'"J'<«-^ p^-^'^/'<to%d. = ^ 



3. Find the volume bounded by the cylinder x2 4- y2 = ^2 and the 
planes 2 = and 2 = mx. ^^s, 4mr8/3. 

4. Find the volume bounded by the surface X222 -f- ^22^2 — c^^ and the 
planes X = and X = a. ^4^, 7tc^a/2. 
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5. Find the area of the zone of the sphere, 

«2 -f- y2 4- 22 = r2, (1) 

included between the planes x — a and x = 6. 
From (1), ^z/dz = — z/z, dz/dy = —y/z. 

Hence [l + ( — )^ + (^^VV^^^: ^ 

' L \dx) \dy) J Vr2 — x^ — y'^ 

The area required is four times that in the first octant, where the 
limits are x = a^ x = by y = 0, y =^ Vr^ — x^ ; 



Ja •/o 



& /^Vr2-a^ rdxdy _ 
Vr2 — x2 — 2^2 



/. area = 4 j i ^-^ ru^a^ ^^ = 2;rr(6 - a). § 209, (2) 



6. Find the surface of the cylinder x^ 4. ^2 = ^2 intercepted by the 
cyUnder x2 + 2/2 z= r2. ^^ 8^2. 

211. Solids of revolution. Let P be any point (x, y) in 
the area NBCD (§ 207, fig.), x and 2^ being independent. 

Let PF = Ax and PG = Ay. 

Conceive NBCD to revolve through tf radians about OX as 
an axis ; then 

Oi/'AxAy < A^F< ^(y + Ay) • AojAj/. 

Hence, when Ax = i, and Ay = vi, 

A^ V= Ot/AxAy + vi", where n>2, 
•'• 9xyF= Oydxdy. 

.', V=0 p' C%dxdy. (1) 

Putting ^ = 2 TT, we obtain the volume generated by a com- 
plete revolution of the area. 

Cor. If the a5-axis cuts the area, formula (1) will give the 
difference between the volumes generated by the two parts. 
Hence, F = when these two parts generate equal volumes. 

212. The moment of a force about an axis perpendic- 
ular to its line of direction is the product of its magnitude by 
the perpendicular distance of its line of action from the axis, 



226 INTEGRAL CALCULUS. 

and measares t}ie tendency of the force to ptodace rotation 
about the axis. 

The force exerted by gravity on a body varies as the mass 
of the body, and may be measured by the mass. 

The centre of mass of a body is a point so situated that the 
force of gravity produces no tendency in the body to rotate 
about any axis passing through this point. 

The mass of any homogeneous body ia the product of its 
volume by its density. 



213. To find the centre of mass of a body. 
Let the points of the body be referred to the rectangular 
^, axes OX, OY, OZ, the plane XT 

being horizontal. Let m denote 
the mass of the body, and M the 
moment of the force of gravity on 
m about an axis parallel to Oi' 
and passing through C, (x, y, i). 

Let F be any point (x, y, «) in 
the body, and Q the point 
(x + l^x, 1/ + Ai/, a + is). 
Let Am equal the mass of the patallelopiped PQ; then 
(x — 5)Aw»< AJW<(3; + Aa; — ic}4»i. 
= point P ; 




Let 


Am 


en, if 


Aa^ 


d 


H.M 




.-.dM 



= {x — x) Am + vi", where n > 3. 
= (x — x)dm; 

.'. M= \ xdni — x I dm. (1) 

When (x, y, z) is the centre of mass, M = 0; hence from (1) 

«= j xdm/ I dm. [1] 
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In like manner we obtain 

jam /dm •- -" 

To obtain i place the «-axis horizontal. 

Whether the body is homogeneous or not, dm denotes the 
mass of a homogeneous solid whose density is that of the 
body at the point P (x, y^ z), (§ 11). 

Hence, denoting the volume of dm by dv and the density of 
the body at P by k, we have dm = kdv. Substituting kdv for 
dm in [1] and [2], we have 

/kdv ^ /kdv /kdv ^ -■ 

When the body is not homogeneous, k is some function of 
the position of the point (a, y, £)j and 

dv = Q^^ V= dx dydz. 

When the body is homogeneous, k is constant, and formulas 

[3] become 

- fxdv - fydv - fzdv ^,^ 

/dv ^ /dv /dv '- -■ 

Cob. In formulas [4] dv may equal Q^xy^V, Q^V, or dV. 

For when the body is homogeneous, all points in the plane 
MRP have the same moment. Hence, to prove [4] we may 
let Am equal the mass of the body between the planes MRP 
and XNQ, or an increment of this mass. In the first case dv 
will equal dV, and in the second it will equal QlyV or dl^V. 

214. Centre of mass of right cylinders and areas. Let 

e denote the altitude of the right cylinder whose convex sur- 
face is made up of the cylindrical surfaces y=fx, y = <f}Xy 
and the planes x = Xq, x = x^ the plane XY being midway 
between and parallel to the bases. 
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Evidently S = 0. 

To find X and y we have do = Ql^V= cdxdy. 

Hence, from [4] of § 213, we have 



- __ ffxdxdy 
ffdxdy 



- SJydxdy 
•^ ffdxdy 



[6] 



the limits for x being x^ and iCi, and for y, fx and ^. 

As the values of x and y depend solely on the plane area 
bounded by the plane curves \j — fx, y = <f}X, and the lines 
x = Xq, x = Xi] for convenience the point (x, y) is called the 
mass-centre of this area. 

• 

Cor. 1. If a plane area be revolved about a line through 
its mass-centre, the two parts will generate equal volumes. 

For let this line coincide with the a;-axis ; then y = 0, and 
from [5] we have 

C Cydxdy = 0. (1) 

Hence, by Cor. of § 211, the two volumes are equal. 

Cor. 2. If an area is symmetrical with respect to the 
oj-axis, y = 0, and x is the same for one of the symmetrical 
halves as for the whole area. 



215. Centre of mass of rods and curves. Suppose the 
mass-centre of the plane figure CD to move along the curve 

HPB, its plane being always 
perpendicular to the curve. 
Let A denote the constant area 

« 

CD\ V, the volume of the rod 
generated by CD ; s, the arc HP ; 
and A5, FF', Through F' draw 
-X in the glane C"i>" the line F'n 
^ parallel to the plane CD'. On 

F'n as an axis revolve CD" until it becomes parallel to C'D\ 
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Then, by Cor. 1 of § 214, we have 

AV= A'A8 + vi^f where n>l. 
.\dV=Ads. (1) 

Substituting Ads for dv in [4] of § 213, we obtain 

_ fxds ' ~ fyds - fzds ___ 

fds •^ fds fds "- -■ 

As the values of x, y, and z depend solely on the curve HBy 
for convenience (5, y, z) is often called the mass-centre of the 
curve HB. 

. If the curve is in the plane XF, i = ; if in addition it is 
symmetrical with respect to the a;-axis, y = 0, and x is the 
same for one of the symmetrical halves as for the whole curve. 

Cor. From (1) we obtain V= As, (2) 

That is, the volume of the rod CDP equals the area of CD 
into the length of the arc traced by the mass-centre of CD, 

The proofs of equations (1) and (2) fail when CD cuts the evolute of the 
curve HB, 

EXAMPLES. 

1. Find the centre of mass of the area bounded by the parabola 
y2 = 4px and a double ordinate. 

From the symmetry of the curve^ y = 0, and 

I xdxdy/ I I dxdy = Bx/5, 
*/o •/o */o 

2. Find the centre of mass of the area boimded by the semicubical 
I)arabola ay2 = a;8 and a double ordinate. ^,^3, x = 6«/7. 

3. Find the centre of mass of the area bounded by the y-axis and the 
curve ajy2 = 52 (a - a;). ^^ x = a/4. 

4. Find the centre of mass of the area of the first quadrant of the 
ellipse x^/a^ + y^/l^=l, Ans. « = 4 a/3 ;r, 2/ = 4 6/3 Tt. 
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5. Find the centre of mass E of any circular arc BOD. 

D Let OB = OD = «, O being the origin. 

The equation of BOD is y^ = 2rx 
being the radius. 
From the symmetry of the curve 

y = o, 

- _ fo'xds _ r P ^ xdx 
fods «Jo V2ra;-x2 

= r — ry/s = OE, 




— a;2, r 



and 



X 



Hence, CE = 2ry/2s = r chord 2?D/arc BOD. 

6. Find the centre of mass of the arc in the first quadrant of the curve 
a^/a + ya/s^as/". Am. i = y = 2a/6. 

7. Find the centre of mass of the arc of a catenary cut off by any 
horizontal chord. 

Ans. y = (ax + ys)/2 s, where 2 s is the length of the arc. 

8. Find the centre of mass of the curve xy^ = h^(a — x). 

Ans. X = a/4. 

9. The axis of a homogeneous solid of revolution is the x-axis ; show 
that y =1 = 0, and 



X 



= 11 xydxdy/ j j ydxdy. 



§211 



10. Find the volume of the ring generated by the revolution of an 
ellipse about an external axis in its own plane, the distance of the centre 
of the ellipse from the axis .being r. 

Ans. 2 TC^dbr. § 215, Cor. 

11. If an arc of a plane curve revolve through 6 radians about an 
external axis in its own plane, the area of the surface generated will be 
equal to the length of the revolving arc, multiplied by the length of the 
path described by the mass-centre of this arc. 

From [0] of § 215 we obtain 



y.s = e C' 



yds, or the theorem. 
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12. Find the surface of the rmg generated by the revolution of a circle 
(radius a) about an external axis, the distance of the centre of the circle 
from the axis being r. ^,is, ^Tt^ar. 

216. The moment of inertia of a plane area about a given 
point in its plane is the limit of the sum of the products 
obtained by multiplying the area of each infinitesimal portion 
by the square of its distance from the given point. 

Denote by M.I, the moment of inertia of the area NBCD, 
or A, about (§ 207, fig.). Let P be any point (x^ y) in this 
area, x and y being independent ; then 

Let PF = Ax = i, and PG = Ay = vi ; 

then A^(M,L) = (ay^ -\- y'^ Ax Ay + vi*^, where n>2, 
.-. Q^^{M,L) = (x^ + f)dxdy. 

.\MJ.= C C(a^ + 7f)dxdy, 

the limits being taken so as to include the required area. 

Ex. 1. Find the moment of inertia about the origin, of the circle 

x2 + 2/2 = a2. 
M.I. = I I """^"^ (x2 + y^)dxdy = ^' 



J-a J-VJZ 



9 



Ex. 2. Find the moment of inertia about the origin, of the smaller area 
bounded by the jc-axis, the parabola y^ = Aax^ and the line x + 2/ = 3 a. 



I I (x^ + y^)dydx = 



314 a* 
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217. Definite integral as a limit. Heretofore we liave 
considered differentials as finite; in this axticle we sliall 
regard them aa infinitesimal. A definite integral lias been 
defined as an increment of an indefinite integral. We pro- 
ceed to show that a definite integral equals the limit of tha 
ifinite number of infinitesimal differentials. 

To make the theorem and its 
proof as clear as possible, let 
us consider the area MiPiB^, 
which we will denote by A. 

Let OMi = o, 0X= b, and 
PiB be the locos of y = •4>x, 

Divide M^X into n equal 
parts, 3f,jtf„ M^Mt, ■ • ; M^, 
the figure. 

-M„X, 




M^X 



and divide the area A 

Let dx = M^M^ = MjM, 
then M,Q, = <f,{ii:)dx, Jf^Q^ = <f,{a + dx)dx, 

M,Qi^<i>Qi + 2dx)dx, ■ - ■, M„Q„ = ,l,{b'-dx)dx. 
.'. A = <l>(ii)dx + ^(<t + dx}dx + ^(a + 2 dx)dx 

+ ... + ^(b~dx)dx+T, (1) 

where T is the sum of the triangles 

^lOiA, PiQiP>, ■ ■ ; PnQ,S. 
By the notation of sums, (1) is written 
A = '^'4>(x)dx+T. 
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'Evidently, T < XB 'dx, or <t>bdx. 
Let w = oo; then £Zaj = 0; .'. T = 0. 

- czi'i^O Xy^)^ = ^ ^J\(x)dx. (2) 

The first member of (2) denotes the limit of the sum of an 
infinite number of differentials, each of which is represented 
by f^iX dxy X taking in succession the values 

a, a -f dx^ a 4- 2 dxj • • •, ^ — dx, while dx = 0. 

When ffiX is constant, T = 0, and A equals the sum of the 
differentials in (1) for all values of dx. 

Again consider the volume generated by revolving MiPiBX 
about OX as an axis. Each of the rectangles MiQi, M2Q2J ' ' ', 
MnQn will generate a cylinder whose volume will be repre- 
sented by TT (<l>xy dx. Hence, 

r = ^^7r(<l>xydx + T, where T < ir (if^hy dx. 



limit 
dx 



°^^* V V {ii>xydx = r= r V (it>xy dx. § 203 



EXAMPLES. 



1. The effect of gravity in making a body tend to rotate about any 
given axis is the same as if its mass were concentrated at its centre of 
mass. 

From [1] of § 213, by integration we have 

limit 



/*"» , hmit x-n"* -, 

xm= \ xdm = , , r^y xdm. 
Jo dm = OAo 



(1) 



The given axis being OT, xm is what would be the moment of the 
force of gravity on m if m were concentrated at its centre of mass. 
The last member of (1) is the limit of the sum of the moments of the 
force of gravity on all the material points (dm) of m when dm == 0. 
Hence, (1) proves the theorem. 

2. Show that the area of a polar curve is the limit of the sum of an 
infinite number of infinitesimal differentials. 
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3. Using the figure in § 207 show that 

, dxdy = ((f>x —fx)dx= I dx dy^ 

/« Jfx 



and 



limit ^^1 /**! 

dx=:0 2/ (0ic-/x)da; = ^= I (<t>x-fx)dx. 



(1) 



(2) 



(1) holds true whether dy is finite or infinitesimal ; for dx being 
constant the sum is constant. 

In (2) the sum varies with dx^ and dx must be infinitesimal to 
cause this sum to approach its limit A. 

4. Using the figure in § 210, show that 

dxdydz = NRdxdy = I dxdydz; (1) 

•/o 



limit -sr^^s C^^ 

\_Q^ NRdxdy = AMB'dx=\ NRdxdy, 



dy 

limit 
dx 



mit ^c 
= 0^0 



ox 
AMB'dx = OZT'X 



-£ 



ox 
AMB ■ dx. 



(2) 



(3) 



In (1) dx and dy are constants, and dz may be either a constant or 
an infinitesimal. In (2) cEx is a constant, but dy == 0. 



218. Intrinsic equation of a curve. Let s denote the are 
between a fixed point, Q, and a variable point, P, of the curve 

QP, and t the angle ABP included between 
the tangents at Q and P ; then the equation 
which expresses the relation between the 
variables s and t is called the intrinsic equa- 
tion of the curve. 

Ex. 1. Find the intrinsic equation of the circle. 

Let QP^ or s, be an arc of a circle whose radius is r. 
Let C denote the centre of this circle ; then 

r- /_ ABP = Z QCP = s/r. 
Hence, s = rr is the intrinsic equation of the circle. 




INTRINSIC EQUATIONS. 
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Ex. 2. Fiiid the intrinsic equation of the catenary. 

In § 197 let OB = s; then t = Z ^AB; 
and tan t = dy/dx = s/a. 

Hence, s = a tan t 

is the intrinsic equation of the catenary. 

Ex. 3. Find the intrinsic equation of the tractrix. 
In § 198 let AP = s ; then sec t = sec EPT = a/y. 
Hence, s = a log sec t 

is the intrinsic equation of the tractrix. 



§ 197, (1) 



§ 198, (2) 



219. To obtain the intrinsic equation of a curve from its 
rectangular or polar equation, we find the values of s and t 
and eliminate the other variables between these equations. 

Ex. Find the intrinsic equation of the cycloid. 
When s is reckoned from the cusp (§ 196, example 2), we have 

s = 4r(l— V2r — y/ V2r) 
and COST = dy / ds = y/2 r — y/ V2r. 

.'. 5 = 4 r (1 — cos t). (1) 

When s is reckoned from the vertex, we have * 

= — V2r j (2r — 2/)-i/2dy = 4r. V2r — y/V2r, 

•/2r 

and sin T = — dy/ds = V2 r — y/ V2r. 

.-. s = 4 r sin t. (2) 



8 



220. If the intrinsic equation of the involute QP is s 
the intrinsic equation of the evolute QiPi is 

s = f V - f '0. (1) 

The curvature of QP is dr/ds, 

.\B = ds/dT =fT, 

si = PiP-QiQ 

= f'r -/O 
= /Vi-/'0, 
since ti = t. 

Omitting the subscripts in (3), we have (1). 



= fT, 
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Ex. 1. The e volute of the tractrix s = a log sec t is 

d (log sec t)~| ^ 

s = a ^ Zi I = « tan T, 

dr Jo ' 

which, by example 2 in § 218, is the catenary. 

Ex. 2. The evolute of the cycloid s = 4 r (1 — cos t) is 

^__. d( l — cost) !^ . 

s = 4r —^ — ; '- I = 4 r sm T, 

dr Jo ' 

which, by the example in § 219, is an equal cycloid. 

EXAMPLES. 

1. Find the evolute of the catenary s = a tan t. 

2. Find the intrinsic equation of x^ /a + ^2 /a = (j2/8 and of its evolute. 

Ajis, s = (3a/2) smSr; s = (3a/2) sin2r. 

• 

3. Find the intrinsic equation of the logarithmic spiral p = 6e*/« and 
of its evolute. 

When 8 is measured from the point (6, 0) where the spiral crosses 
the initial line, we have 



s = 6 Vl + a2 (ee/« — 1). § 199, example 2 
Since rf/ is constant, t = 0. 



.'. s = 6Vl + a2(e^/«-l). 



CHAPTER X. 

OBDINABY DIFFEBENTIAL EQTTATIONS. 

221. A differential equation is an equation which involves 
one or more differentials or derivatives* 

An ordinary differential equation is one which Involves only- 
one independent variable. 

For example, dy = cosxcte, (1) 

d^/d£^ + y = 0, (2) 

and y = x . dy/dz + r Vl + {dy/dx)\ (3) 

are ordivxiry differential equations. 

The order of a differential equation is the order of the 
highest differential or derivative which it contains. 

The degree of a differential equation is that of the highest 
power to which the highest differential or derivative which it 
contains is raised, after the equation is freed from fractions 
and radicals. 

Thus equation (1) is of the first order and first degree, (2) is of the 
second order and first degree, while (3) is of the first order and second 
degree. 

222. The general solution of a differential equation is the 
most general equation free from differentials or derivatives, 
from which the former equation may be derived by differen- 
tiation. 

The general solution of equation (1) in § 221 is 

y = sin X + C, 

where C is the constant of integration, 

y = sinx, y = sinx + 7, • • •, are particular solutions of (1), which are 
included in its general solution. 
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The general solution may not include all possible solutions. A solu- 
tion not included in the general solution is called a singular solution. 

For a discussion of singular solutions the reader will consult some 
treatise on differential equations. 

The general solution of a differential equation of the wth 
order contains n arbitrary constants of integration. It is often 
called the complete integral or primitive of the differential 
equation. 

223. In the foregoing chapters it was our object to obtain 
the general solution of differential equations of the form 

dy = <!> (x) dx. 

In this chapter we shall extend the process of integration 
to differential equations of the more general form 

Mdx + Ndy = 0, (1) 

where JIf and iVare functions of x and y. 

The variables in Mdx -f ^dy are said to be separated when 
M, or the coefficient of dx, contains x only, and N contains 
y only. 

When Mdx -f ^dy is the total differential of some function 
of X and y, it is called an exact differential, and (1) is called 
an exact differential equation, 

For example, xdy + ydx is the exact differential of zy; hence, the 
general solution of the exact differential equation, 

xdy + ydx = 0, 
is xy = C, 

224. Equations of the form </>! (x) dx + </)2 (y) dy = 0. (1) 

When, as in (1), the variables are separated, a differential 
equation is solved by integrating its terms separately. 

For example, the general solution of the differential equation 

er^dx + Sy^dy = 0, 
is e^ + 2/^ = C, 
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When an equation is, or may be, written in the form 

<l>i(x) ' <l>2(y)dx + <l>3(x) . <t»^{y)dy = 0, 

the variables may be separated by dividing both members by 
</>2 {y) • <^8 (aj). 

Ex. 1. Solve (\-x)dy-(\-\-y)dx = 0. (1) 

Dividing by (1 — x) (1 + y) to separate the variables, and integrating, 
we obtain 

log (1 + 2/) + log (!-«)= log C. (2) 

.-. (l+2/)(l-x) = C. (3) 

Equations (2) and (3) are two equally correct ways of expressing the 
general solution of (1). 

Solution (3) could be obtained without separating the variables in 
(1) by noting that (1 — x)dy — (\ + y)dz is the exact differential of 
(l-x)(l + y). 

Ex. 2. Solve (x2 + l)dy = (y^ + 1) cte. 

X + c 



Here tan— i y = tan- 1 x + tan- 1 c = tan— ^ 



1 — ex 

X + c 



1 — ex 

EXAMPLES. 

Solve each of the following differential equations : 

dy _ x^ + x+l a;8 — y8 a;2.-y2 ^ ^ _ 

3. (1 +x)ydx+ (1 — y)x(f2/ = 0. log (x^/) + x — y = C. 

4. (fy = (e^'-y + x2e-y)(?x. B(ey — &^)=x^+C. 

5. X cos2 ydx — y cos^ x d y. 

X tan X — log sec X = 2/ tan y — log sec y + C 

6. a (xdy + 2 ydx) = xj/ dj/. x^y = Ce^ /«. 

7. Find the equation of the family of curves whose slope is 

(4x8 + 2x + l)/(6y2 + 4y), 2y^ -i- 2y^ = x^ + x^ + x + C. 
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8. The equation of the family of curves which cross all their radii 
vectores at the same angle -4 is p = Ce^co*^. 

Here dp/p = coiAdO; .*. log/) = loge^«o'^ + log C. 

9. Find the equation of the family of curves 

(1) whose slope is — h-x/a^ ; 

(2) whose slope is (e*^<» — e-*^«)/2 ; 

(3) whose subtangent is the constant a ; 

(4) whose subnormal is the constant a ; 

(5) whose tangent is the constant a, 

Ans. aV + &^^= G'y y = a{eP'^'^ + e-«/«)/2 + C; y= Cef'^^^; 

y2 = 2ax+ C; x = Va^ - y^ + a log [(a - Va2 — y^) /y] + C. 

10. Find the equation of the curve which passes through the point 
(a, 6), and intersects at right angles each of the series of curves repre- 
sented by the equation 

2/2 = 2 ax*, 

in which a is a variable parameter. 

11. Helmholtz's equation for the strength of an electric current, C, at 

E L dC 
the time tia ^~p""^"^' where E, R, and L are given constants. 

Find the value of C, having given that C = when t = 0. 

Ans. C = ^(l-e~^'/^)/iJ. 

225. Equations homogeneous in x and y. After being 
divided by cc" (n being the degree of each term in x and y), 
any equation homogeneous in x and y can be put in the form 

dy^f{jjlx)dx. (1) 

Putting y = vic in (1), we obtain 

vdx-^ xdv =^ f(y) dx. (2) 

The variables in (2) are easily separated ; hence, its solu- 
tion is found by § 224. 

Ex. 1. Solve (a;2 + y'^)dx = 2 xydy. (1) 

Putting y = vx and dividing by x^, we obtain 

(1 'i-v^)dx = 2v(xdv + vdx). (2) 
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Separating the variables and integrating, we have 

log[x(l-»2)] = logC. 

Putting y/x for t?, the solution becomes 

x2 — y2 = (7aj. 

Ex. 2. Solve (x2 + y2) ^y = xydst., (1) 

Putting y = ??ic and dividing by x2, we obtain 

(1 + «2) (ajdu + <to^ — vdx. (2) 

Separating the variables and integrating, we have 

logx + log C = v^/2 — log V, 

or Cy = &^^^y^. 

EXAMPLES. 
Solve each of the differential equations : 

1. x^dy — y^dx = xydx, \ogx + x/y = C, 

2. (2\^-x)dy + ydx = 0, y = Ce~^^^. 

3. y^dx + xHy = xydy. y = C&f/^. 

4. xdy = {y + Vx2 + y^) dx, x2 = C2 + 2 Cy. 

6. (x + y)dy = (y — x) dx. log (x2 + y^) + 2 tan-i {y/x) = C. 

6. x2dy = y^cto. y — x= Cxy, 

7. (8y + 10x)dx + (5y+7x)(fy = 0. (y + x)2(y + 2 x)* = C. 

8. Find the system of curves at any point of which, as (x, y), the sub- 
tangent is equal to the sum of x and y. j^u^. y = C&^/v, 

226. Non-homogeneous equations of the first degree in 
X and y. 

• These equations are of the form 

(ax-^hy-^ c)dx + {a^x + b^y + c')dy:= 0. (1) 

Putting x' + h for x and y' + k for y in (1), we obtain 
{ax^ + bt/' + ah + bk + o)dx 

+ (aW + by + a'A + 6'A + o') dy = 0. (2) 
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Giving to h and k the values determined by the system^ 

ah + bk-\-c = 0, a'h + Vk + c' = 0, (3) 

equation (2) becomes 

{ax' + by") dx + (a'aj' + b'y^ dy = 0, (4) 

which is homogeneous in a;' and ^', and can therefore be solved 
by the method of § 225. 

This method fails when a'/ a = ft'/6 ; for then h and k in 
system (3) are infinite or indeterminate. 

In this case assume 

a' /a = V jh = m, or a' = ma^ V = wh. 

Equation (1) then assumes the form 

{oux -\- by -\- c) dx -h [rn (ax -\- by) + <j'] dy = 0. (5) 

Let ax -\- by = v, then dy = (dv — adx) /b. 
Substituting these values in (5), we obtain 

[b(v + c) — a (mv + c')] dx -f {ttiv + c^dv =^ 0, 

where the variables are readily separated. 

EXAMPLES. 
1. Solve (2X + 32/ — 8)(fa; — (x + y — 3)d2/ = 0. (1) 

Putting x' + h for x, and y" + kioT y, we obtain 
(2ic' + Sy' + 2h + Sk - S)dx' = (X' -\- y' + h + k - B)dy\ (2) 

Assume the system 
2^ + 3A: — 8 = 0, ^ + A: — 3 = 0; or A = 1, fc = 2. 

Equation (2) then becomes 

(2 X' + 3 2/0 dx' = (X' + 2/0 dy\ (3) 

Putting 2/' = vx\ (3) becomes 

(2 + 3t>)(«x' = (1 + v) (vdx' + x'du), 



dv. 
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dx' v + 1 

or -7 = ; rrz r dv 

X' (« — 1)2 — 3 

"^ U-l)2-3 "^ V3VV-I-V3 " ij-l+Vs/J 
...-logx' = |log{(.-l)2-3} + -^log^5i^+C. 

w — 2 ' 
where x' = x — 1 and v = - — 7 • 

X — 1 

2. (3y-7x + 7)(?x + (7 2/-3x + 3)(f2/ = 0. 

Ans. (2/-x + l)2(2/ + x-l)6=C. 

3. (2x + y\-l)dx + {4x + 2y-l)dy = 0, 

Ans. x + 22/ + log(2x + 2/ — 1)= C. 

4. (2y + x+ l)(?x = (2x4-42/ + 3)dy. 

Ans. 4x — 8y = log(4x + 82/ + 5)+ C. 

5. (7y + x + 2)(ix = (3x + 52/ + 6)dy. 

-4ns. x + 5y +2 = C(x — y + 2)*. 



227. Exact differential equations. The condition that 

Mdx + Ndy = (1) 

7?tay be an exact differential equation is 

aM/dy = aN/dx. (2) 

Comparing (1) with the exact differential equation 

du = ^dx + ^dy = 0, (3) 

we obtain 

M=Qii/dx, N=Qu/dy, (4) 

as the conditions that (1) be exact. 

From conditions (4) by differentiation, we obtain 

QM Q^u QJSr 



dy dydx dx 



or (2). 
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Condition (2) is called Euler's Criterion of Integrability. 
When condition (2) is satisfied, (1) may be solved by regard- 
ing y as constant and putting 

u=^Mdx-{-fy, (6) 

and then determining/^ so that 

Qu/dy = N. (6) 

Or regarding x as constant, we may put 

u= jNdy-^-fx, 

and so determine fx that 

du/dx = M. 
Equations (6) and (6) involve the conditions in (4). 

Ex. So\Yex(x + 2y)dx + {x^ — y^)dy = 0. (1) 

Here M = x(x-\-2y), N = x^-y\ (2) 

.\ dM/dy = 2x= dN/dx ; 

hence, condition (2) of § 227 is fulfilled. 
Regarding y as constant, we put 

= j x(x + 2y)dx+fy 

= xV3 + yx^ +fy. (3) 

To determine /y, from (3) and (2) we have 

^u/dy = x^+ry = N=x^- y\ 
••• f'y = — 2/S or fy = — y3/3. (4) 

From (3) and (4) we obtain 

w=:xV3 + yx2-2^/3. 

.-. X8 + 3ya;2_y8=: (7 

is a solution of (1). 



u 
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EXAMPLES. 
Solve each of the following difEerential equations : 

1. (6xy-wy^)dx + {Sx^ — 2xy)dy = 0, Zx^ — y^=C, 

2. (x^ + Sx^)dx + (y^ + Sx^)dy = 0, «* + 6xV + 2/* = C. 

3. (x^ + 'i/^)dx + 2xydy = 0, x^ + Sxy^=C, 

4. (x2 — 4xy — 2y2)dx + (y2 — 4xy — 2x2)^2/ = 0. 

x8 — 6x2y — 6xy2 + 2/8 = c, 

5. (1 4- y2/x2) dx — (2 y/x) dy = 0. x^ — y^ = Cx. 

6. xdx + y dy + ^^^ 7 ^o^ = 0. x2 + 2/2 + 2 tan-i^= C. 

x-* + y-^ X 

In example 6 divide both terms of the fraction by x2. 

7. ca^(x2 4-y2 4-2x)dx4-2 2^e«'d2/ = 0. . e^ {x2 + 2/2) = C. 

8. (2 ox 4- 62/ + fl') c2x + (2 C2/ + 6x + e) d2^ = 0. 

228. Integrating factor. When the equation, 

Mdx + Ndy = 0, 

is not exact, it may sometimes be made exact by multiplying 
it by a factor called an integrating factor. 

Sometimes an integrating factor may be found by inspec- 
tion, as in the examples below : 

Ex. 1. Solve ydx — xdy=0. (1) 

Equation (1) is not exact, but when multiplied by y-^, it becomes 

ydx — xdy _ 

which is exact, and which has for its solution 

x/y = C. (2) 

Multiplied by 1 /xy, (1) becomes 

dx/x — dy/y = Oy 

which is exact, and has for its solution 

log(x/2/) = logC. (3) 

Solution (2) is readily obtained from (3). 
Multiplying (1) by x-2, we obtain the solution 

2^/x = Ci. 
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Ex. 2. Solve {l-\-xy)ydx + {l— xy)xdy = 0. (1) 

;From (1), ydx + xdy + xy'^dx — x^dy = 0, 

or d (xy) + xy^dx — x^dy = 0. (2) 

DividiDg (2) by x^y^^ we obtain 

djxy) , ^_^_.Q 
{xy)^ X y 

1 X 

.-. H log - = log C, or X = Gy^f^, 

xy ^y ^ ^ 

229. Rules for finding the integrating factor of 

Mdx + Ndy = o. (a) 

We give below the rules in four cases : 

Rule I. When Mx + Ny is not equal to zero, and (a) is 
homogeneous, (Mx + Ny)~^ is an integrating factor of (a). 

Ex. Solve (x^y — 2 xy^) dx — (x^ — 3 x'^y) dy = 0. (1) 

Equation (1) is homogeneous, and 

Mx + Ny = x8y — 2xV — x^y + Sx^ = xV- 
Hence, (x^j/S)— i is an integrating factor of (1). 
Dividing (1) by x^y% we obtain the exact equation 

Solving (2) by § 227, we obtain 

x/y + \og(y^/x^)= C. 

Rule II. When Mx — Ny is not equal to zero, and (a) is 
of the form 

flippy) ydx ■\'f2{xy)xdy = 0, (b) 

(Mx — Ny)~^ is an integrating factor of (a). 

Ex. Solve (X V ^xy)ydx-\- {x^ — 1) x di/ = 0. (1) 

Equation (1) is of the form of (b), and 

Mx — Ny = x2y2 -j- xy. 

Hence, (x^^ + xy)-^ is an integrating factor of (1). 
Divided by x^^ + xy, (1) becomes 

ydx + xdy = dy/y, 

.-. xy + log C = logy, OT y= CeP^, 
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EuLE III. When — [ -z "3"" ) ^^ * function of x alone, 

SBjfx, e-^-^^'^^ is an integrating factor of (a). 

Ex. SolYe(x^ + y^ + 2x)dx + 2ydy = 0. (1) 

Hence, c*^^*)^* = c/*^* = c*, the integrating factor of (1). 
Multiplying (1) by c*, we obtain the exact equation 

e^ (x^ + y^ + 2x)dx -\- 2 ^ydy = 0. 

.-. ef^ (x2 + 2/2) = C. § 227, example 7 

EuLE IV. When rrz. I -; ;— ) is a function of y alone, 

M\dx ay J 

^^7 fy^ e-^-^^^^^ is an integrating factor of (a). 

230. Proof of rules in § 229. I. When Mdx + Ndy is 
homogeneous. 



Mdx + Ndy = ^\{Mx-^Ny)(^ + ^ 



+ {Mx - Ny) 
= - \_{Mx + Ny) d log {x7j) 



(t-t)] 



+ (Jlfx-iVy)(?log(a:/y)]. (1) 



Jf cte + Ndy 1 _ , , . , 1 Jfic — Ny . , a; 
Mx + Ny 2 ^ ^ *^^ 2 J[fx + iVy y 

^ is evidently equal to some function oix/y, when 

itf" and iV are homogeneous. 
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The second member of (2) is an exact differential ; hence, 
(Mx + iVy)~^ is an integrating factor of (a). 
Equation (2) fails when Mx + ^y = 0. But in this case 

M/N= - y/x. 

Substituting this value of Mj N in (a) of § 229, we obtain 

log (yjx) = log C,ovy= Cx. 

II. When Mdx + Ndy is of the form 

/i {^y) y dx ■\- f^ (xy)xdy. 
Dividing (1) by Mx — Ny, we obtain 
Mdx + Ndy 1 Mx -\- Ny . ^ ^ , ^ i^i ^\ ,on 

^.-i^/ ^2^^^(^^g"^)+2^rgy; (^) 

^^ fi(^y)^y-^f2(xy)xy d(xy) ^ 1^/ x\ 
^fi{^y)^y--f2(xy)xy xy 2 \ ^ y) 

The second member of (4) is an exact differential ; hence, 
(Mx — Ny)~'^ is an integrating factor of (a). 



„^ ^, 1 /a3f QN\ . 
III. When^(^^--^j=/r. 



Multiplying (a) by e-^^^^''^, we obtain 

eff^^^^Mdx + e^f^^'^^^Ndy = 0, 
which is exact, for by differentiation we find that 

9 {effi^^d^M) = ^ (e-^-^^^^^'N). § 227 

CLy CLX 

In like manner Rule IV is proved. 
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EXAMPLES. 

1. (x2 + 2xy — y2)dte = (x2 — 2x2/ — y2)d2/. x^ + y^= C{x + y). 

2. {x2y2 + X2/8) dx = (x8y + x^^) dy, y = Cx. 

3. ^ + ^ + 2(^-^) = o. x^-r^ + xy = a 

X y \y X J 

4. x^dx 4- (3x2y + 2y^)dy = (y, x^ + 2j/2 = cVxM^. 

5. {1 +xy)ydx + (1 — xy)xdy = 0. x = Cye^. 

6. (Vxy — l)xdy = (Vxy-^l)ydx. 2/Vx7/ = log (Cz/y). 

7. (y + yV^)dx + (X + xVxy) dy = 0. xy = C. 

8. c^ (x2y2 _j- jpj/) (xdy + y dx) + y dx — xdi/ = 0. xyeP^ = log (Cy/x), 

9. (3x2 ^y2^ciy = 2xydx. x^ — y^ = Cy^. 
10. 2xyd2/ = (x2 + 2/2)d[x. y^ — x^ = Cx. 

231. Linear equations of the first order. A linear differ- 
ential equation is one in which the dependent variable and 
its differentials appear only in the iirst degree. 

The form of the linear equation of the first order is 

dy + Py dx = Q dx, (1) 

where P and Q are functions of x or are constants. 

The solution of dy + Pydx = 
is log y -h log e-^^'^'' = log C, 

or ye/^^^ = a (2) 

Differentiating (2), we obtain 

e-^P^^dy + Py dx) = 0, (3) 

which shows that e-^^^* is an integrating factor of (1). 
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Multiplying (1) by e^'**'^ and integrating the result, we obtain 

Equality (4) may be used as a formula for solving any 
linear equation in the general form (1). 

EXAMPLES. 
1. (1 + x2) dy — yxdx = adx. (1) 

Putting (1) in the general form, we obtain 

Hence, Cpdx = - C^TJi = l"g (^ + *")-•"• 
... e/Pdx = elogd+i')-*/* = (1 + sfi)-^'', 
and Je/i'-»«Qda: = J^5-f^, = (1+1)^ + ^- 

Substituting these values in formula (4), we obtain 
y = ax + C Vl + x2. 

2.x~ — ay = x + l, y — h Cx». 

dx 1 — a a 

3. dy -[- ydx= e-'^dx. y = (x+C)€r^. 

4. x{l — x2)(i2/ + (2x2— l)2/dx = ax3(ix. y = ax + CxVl — x^. 

5. cos X'dy ■{' y sin x-dx= dx. y = sin x + C cos x. 

6. (x^+l)dy + 2xydx = 4x^dx. 3(x2 4- 1)2/ = 4x8+ C. 

7. dy + y cos x • cZx = (1 /2) sin 2 x • dx. 2/ = sin x — 1 + Ce-»"»«. 

232. Equations reducible to the linear form. Of such 
equations the most important are those of the form 

dy/dx + Py=Qy% (1) 

where P and Q are functions of x or constants. 
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Assume 


^ = 2/*"'*; 




1 n 


en 


y = «!-», 2/'» = «i-», 




dv — * z^~^d&. 



Substituting these values in (1), we obtain 
dz/dx + (1 - n)Pz =(1 - n) Q, 
which is linear in «. 



EXAMPLES. 

1. % + \y = .^. (1) 

Assume 2 = y~*; 

then y = 2;-i'^ dy = — {l/5)z-6/6dz, y6 = 2-6/6. 

Substituting these values in (1), we obtain 

dz/dx — bz/x= — 6x2. (2) 

Solving (2) by § 231 and putting y-^ for 2, we have 

2/-6= Cx6+5xV2. 

2. (1 — x2)dy = (0X2/2 + xy)dx. y = (cVl — x2 — a)-i. 

3. ZyHy = (x+\ + ay^)dx. ^s = Cc"* _ 5-±i _ 1 . 

^ ' a a2 

4. dy = (x^^ — xy)dx. y-2 = x2 + 1 + Cc^. 

5. ^4--2/ = 3x2y4/8. 72r-^/3= Cx2/8_ 3x8. 

6. (l-x2)dy + X2/dx = xyi/2(to. yi/2= (7(1 -3.2)1/44. i. 

233. Equations of the first order and nth degree. We 

shall consider only such equations of the first order and wth 
degree as can be resolved into n equivalent rational equations 
of the first degree and of such types as have been solved in 
this chapter. 

The method will be made clear by the following example, 
where p = dy/dx. 
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Ex. S0lvep8 + 2xp2 — y2p2_2xy2p=z0. (1) 

Equation (1) is equivalent to the equation 

which is equivalent to the three equations 

p = 0, p + 2x = 0, p - 2/2 = 0. (2) 

Solving each of the equations (2), we obtain 

y = C, y + x2 = C, xy + Cy + 1 = 0, (3) 

where we have regarded all the constants of integration as equal. 
Combining the three equations in (3) into one, we obtain 

(y-C){yhx^-C) (xy + Cy + 1) = 0. (4) 

Equation (4), or the three equations in (3), is the solution of (1). 

EXAMPLES. 

1. p2-7p + 12 = 0. {y-4x-C)(y-3x-C) = 0. 

2. p2 — otx3 = 0. 26(y + 0)2 = 40x5. 

3. p2_ 5^4-6 = 0. (y--2x — C)(y — 3x— 0) = 0. 

4. p8(a;4.2y) + 3p2(x + y) + (y + 2x)p = 0. 

(y - C) (X + y - C) (xy + x2 4- y2 - C) = 0. 

5. 4y2p2 4-2pxy(3x + l) +3x3 = 0. 

(x2 4- 2y2 - C) (x8 + y2 — C) = 0. 

234. Equations of orders above the first. We shall illus- 
trate by examples tbe method of solving four special forms of 
such equations. 

I. Equations of the form d°y/dx° = fx. (a) 

Ex. Solved3y/eix3 = 5&x2. (1) 

Multiplying (1) by dx and integrating, we obtain 

d^/dx'^ = (6/3) &x3 + Ci. (2) 

Multiplying (2) by dx and integrating, we obtain 

dy /dx = (6 / 12) 6x* + Cix + Cg. (3) 

.-. y = 6xV12 + Cix2/2 + C2X + Cg. 
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n. Equations of the form d^/dx* = fy. (b) 

Ex. Solve (Py/ (2x2 4.^22^ = 0. (1) 

Multiplying (1) by 2 dy, we obtain 

dx dx 
.-. (dy/dx)^ = - a^^ + Ci = a^ (ci^ - ^), (2) 

where Ci = a^ci^. 

From (2), dy/y/c^ — y'^ = adx. 

.-. sin-i (y/ci) = ax + C2, 
or y = Ci sin {ax + Ca). 

III. Equations of the form f ( t-^^ • • •, ^, x j = o; (c) 

that is, equations of the nth order not containing y directly. 

«, . dy ,, d^y dp d^y d''~^p 

Put p = 'r-j then -^ = -^> • • • — ^ = - — ^ • 
^ dx^ dx^ dx ' c?x« dx""-^ 

Substituting these values in (c), we obtain 

<£^' • ■ ■• !■ ^-) = «. « 

which is an equation of the (n — l)th order between p and x, 

Ex. Solve d2y/dte2 = a2 + 62 (d2//dx)2. (1) 

Putting p = dy/dx, (1) becomes 

dp/dx = a2 + 62p2. 
.•. tan- 1 (6p/a) = 06 (x + Ci), 
or 6p = a tan [06 (x + Ci)]. 

.'. hHy = tan [ab (x + Ci)] aftdx. 
.-. IPy = log CSC [db (x + Ci)] + C2. 

IV. Equations of the form f ( t^' ' ' •? ^' y ) = o. (d) 
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Substituting these values in (d), we obtain an equation of 
the (n — l)th order between 'p and y. 

Ex. Solve dhf/dz^ + a (dy/dx)^ = 0. (1) 

Putting p = dy/dz, (1) becomes 

.-. p = Cie- «y, or e^v dy = Ci dx. 
.-. e^= Ciax+ C2. 

EXAMPLES. 
Solve each of the following equations : 

1. d^ = xef^dx\ y = x^ — Sef^+ CiX^ + Cgx 4- Cs. 

2. d^y = x^dx^. 

3. X d^y = 2 dxK y = x2 log X + Cix^ + CjX + Cg, 

where ci= Ci/2 — 3/2. 



4. d2y = a^ydx^. ax = log (y + Vy^ + a) + C2, 

where a^ci = C\, 

5. y^d;^ = adx\ Ciy^ = Ci^ (x -\- c^Y ■{- a, 

6. yfayd?^-dx\ 3x = 2ai/*(2^i/2 _2ci) (yi/2 + ci)i/2 + c,. 

7. x(%/dx2 4- #/dx = 0. y = cilogx + C2. 

8. a2 (d22//(to2 )2 = 1 + (dy/dxY. 

2a-^y = cie^/« 4- ci-'e-^/« + C2. 

9. (1 4- x2) . d2y/dx2 4-14- {dy/dxY = 0. 

2/ = cix 4- (ci2 4- 1) log (ci — x) 4- C2. 

10. (1— X2).d2y/dx2_x.d2//(ic = 2. 

y = ci sin- 1 x 4- (sin- 1 x)2 4- C2. 

11. y ' d^/dx^ 4- {dy/dxY =1. 2/2 = ^2 4- CiX 4- C2. 

12. The acceleration of a body moving toward a centre of attraction, 
C, varies directly as its distance from that centre j determine the velocity 
and the time. 
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Let a = the acceleration at a unites distance from C ; 

X = the varying, and c the initial, distance of the body from C; 
then xa = the acceleration at the distance x. 

Here 8 = c — x ; .•. r = ds/dt = — dz/db ; (1) 

.-. xa = d^s/dl? = - dH/d^. (2) 

Since d = — dx/cK = when x = c, by integrating (2) we have 

(dx/dtY = ac^ — 0x2. 
.-. r = — dx/d< = Va (c2 - x2). (3) 

Since t = when x = c, from (3) we have 

t = a-i/2cos-i{x/c). (4) 

Putting X = in (3) and (4), we obtain 

D = cVa, the velocity at the centre of force, C. 
and t = (1/2) 7ra-i/2, (3/2) 7ra-i/2^ (6/2) 7ra-i '^ • • •. (6) 

Hence the motion is periodic, the time-period being ;r Va, which is 
entirely independent of the initial distance. 

The acceleration due to gravity at the earth's surface is 32.17 feet 
per second, and below the surface it varies as the distance from the 
centre. Hence, a particular case of the periodic motion considered 
above would be that of a body which could pass freely through the 
earth. Such a body would vibrate through the centre from surface 
to surface. Calling the diameter of the earth 20919360 feet, we 
would have in this case 

a = 32.17/20919360; 

.-. period = 7ra-i/2 = 3.1416 V20919360/32.17 sec. 

= 42 min. 13.4 sec. 

13. Assuming that the acceleration of a falling body above the surface 
of the earth varies inversely as the square of its distance from the earth's 
centre, find the velocity and time. 

Let X = the varying, and c the initial, distance of the body from 
the earth's centre ; 

r = the radius of the earth ; 

g = the acceleration due to gravity at its surface ; 

a = the acceleration due to gravity at the distance x. 

Here « = c — x, and from the law of fall 

a : gr = r2 : x2 ; or a = gr^/x^. 
/. - dPx/d«2 = ^r2/x2. (1) 
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Since r = when x = c, from (1) we have 

dx /I l\i/2 

»=-| = (2i7.-)'-(---) • (2) 

Since t = when x = c, from (2) we obtain 

14. Assuming that r, the radius of the earth, is 3962 mUes ; that the 
sun is 24,000 r distant from the earth ; and tliat the moon is 60 r distant ; 
find the time that it would take a body to fall from the moon to the 
earth, and the velocity, at the earth's surface, of a body falling from the 
sun. The attraction of the moon and the sun, and the resistance of any 
medium, are not to be considered. 

15. A body falls in the air by the force of gravity, the resistance of 
the air varying as the square of the velocity ; determine the velocity on 
the hypothesis that the force of gravity is constant. 

Let b = the resistance when the velocity is unity ; 

and t = the time of falling through the distance 8. 

Then b (ds/dtY = the resistance of the air for any velocity ; 
and g = the acceleration downward due to gravity alone. 

Hence, g — b(ds/dt)^ = the actual acceleration downward ; 
that is, d^s/dt^ = g-b (ds/dt)^, (1) 

Integrating (1) and solving for ds/db, we obtain 

^~ dt" VfteS'^&^ + l 
As t increases, v rapidly approaches the constant value ^g/b. 

16. A body is projected with a velocity, ro, into a medium which 
resists as the square of the velocity ; determine the velocity and the dis- 
tance after t seconds. 

Let b = the resistance of the medium when the velocity is unity ; 
then 6 (ds/cK)2 = the resistance for any velocity. 
Hence, d^%ldl'^^-b (ds / d%)\ (1 ) 

Integrating (1) and solving for (2s/(j[<, we obtain 

V = cte/cW = t)o/e^. (2) 
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Integrating (2) and solving for 8, we obtain 

« = log(6i?o«+l)/6. 
The velocity decreases rapidly and =0 when 8 = a, 

17. A body slides without friction down any curve, mn. The accelera- 
tion caused by gravity at any point, P, is g cos DP A, PA being a tangent. 
Find the velocity of the body. t^ ▼ 

Let PA = ds; then — PD = dy, 

,'. dP8/dP = gco8DPA 

= —g-dy/d8, (1) 

Let yo be the ordinate of the start- 
ing point on the curve ; then v = 
when y = yo. 

Integrating (1), we obtain 

v = d8/dt = ^/2g(yo-y). (2) 

From (2) it follows that if a body falls from the line y = y© to the 
line y = h, the velocity acquired is the same for all curves of descent. 

18. A body falls from the point P along the arc of a cycloid, PO ; 
find the time of descent. 





(1) 



(2) 



O X 

From (2) of example 17 we have 

V = ds/dt = V2 g (yo — y). 
The equation of the cycloid referred to OX and OY is 

X = r vers— 1 (y/r) + V2 ry — y^. 
Hence, ds = —V2r/ydy. 

Eliminating ds between (1) and (2) and integrating, we obtain 
t = V^ [it — vers- 1 (2 y/yo)]- 
.'. t = 7tVr/g, when y = 0. 

Hence, if a pendulum swings i n th e arc of a cycloid, the time 
required for one oscillation is 2 7tVr/g. 

The time of an oscillation being independent of the length of th© 
ftrc, the cycloidal pendulum is isochronal, 
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FOSMULAS FOB BEFEBEKGE. 



Standard Forms. 

u^ + i « /* , a" 



/i^i + i /» 

u^du = — r-r* 3. I a^du = 

n + 1 J 



log a 



2. I^^ = 



j — = logu. ^1 ^"^^ ~ ^* 

5. I sin M du = — cos u, or vers u. 

6. I cosudu = sin w, or — covers w. 



log sec u. 



7. j sec^wdu = tanu. 11. j tan udu = 

8. I csc^wdu = — cotu. 12. | cotudu = log sinw. 

9. I sec u tan udu = sec u. 13. I esc udu = log tan - * 

10. I cscMCOtMdM= — cscw. 14. j secudtt = log tanf - 4- — Y 

^^' I ::tz^ = :;^^"" :;' or--cot-i-- 

J u^ -ra^ a a a a 
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16. I —. n = :^ log . » or r— log — ; 



1^ r du _ . .u 
17. I J = sin— 1 - 

J Va:^ — u^ a 



du . , M ,u 

-» or — cosr-i- 

a 



^^' f /-^ =log(^+Vi^^±^). 

19. I — , = - sec—* - » or esc— ^ - • 

J u^y;i^(i2 a a a a 



du .u .u 

. — = vers-i - » or — covers-^ - 

V 2 au — m2 a a 



Elementary Principles and Formulas. 

21. I 0(u)(2u —fu-^rC^ when dfu = 0(u)du. 

22. C (dvi-\-dy-\-dz)- Tdu + Tdy + Td^. 

23. C ad\i = a j dw. To = C. 

24. I wdt? = WW — I vdtt. 

Forms Involving a + ftw. 
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2«- /4S)-^ = ^[''+'"-'"^°«<''+'")-^] 



du ___ 1 a-\-lm 



29 r du — ^\ 



u 



J w (a +6m)2 a (a + 6w) a^ ^^ u 



du 1 . b . a + bu 



^^' /u2(a + 6u)"""^'*"a2^''^ 



u 



32. 



Forms Involving a + Infi. 



1 va 4" w v-~6 
33. =. — ;==log— F p=» when a>0 and 6<0. 



J (a+ 6^2)2 2a(a + 6u2) ^ 2aJ a + 
' J (ai-bu^y + ^'~2ra(a + hu^y 2ra J (a + ftu^y 



rt_ . u^du u a t* du 

OX}. 



a + 6u2~6 6j a 



+ 6m2 

(2u 



«^ /* u2(fu _ —u , _1_ /• 6 

J (a-\-lm^y + ^'^2rh{a + bu^y 2rhJ (a + 



38. 



39. 



bu^y 

du 1 , m2 



M(a + 6u2) 2a ^^a + 6u2 

/ du 1 b n du 
u2(a + &u2)'" au aj a-\-bu^' 



^ n du 1 n du 6 n du 

J tt2(a + 6M2)'- + i'"aJ M2(a + 6u2)r a J (a + 6u2)'-+i 



262 APPENDIX. 



Forms Involving a + bu*. 

41. j M*" (a + &u") p du 

6(np + m + l) b(np-\-m'\-l)J ^ ' ' 

42. or \ rV"-i , ■ , . I M«(a + &u")P-idM: 

np + m + 1 ii'p-\- m-\- \J ^ ' 

A*> Mm-H(a + 5un)p-n 6(np + m + n + l) r ^^.. .i.«v„^ 
^^- ^^ fe^T) a(m + l) J^"'^-(« + ^^»)'^d"; 

an(p + l) aw(p + l) ^ ^ ' 



Forms Involving aw^ + 6m + c. 

2aM + 6 — V62_4ac 



46. = , log 



V62 — 4 ac 2au-\-b-\- y/W--^ac 

du 



47. r "1" = 5^1og(a«» + 6« + c) - 5^ r 
^ an^ + 6a + c 2a°^ ' 2 a J 



au^ -\-bu-\- c 



Forms Involving Va + bu. 
49. ^^.2^/^T^du:.^<^^'--^^^^^t.^l^'^'M^ + ^)''' 



10568 



50. 



u 



udu _ 2 (2 g — bu) Vg + hu . 



+ bu 362 



Ki f*_u^^_du__ _ 2u^Va + 6m _ 2ng /* u"~^du 
■ J V^Tftil" (2»i+l)6 (2« + l)6j vTTftii' 
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Va +bu — Va 



/» d?f 1 , Va+6a— Va , ^^ 
62. I — r== = —p\og—T= T^j whena>0; 

J u^/a + hu va va+ 6u + va 
53. = tan-^i/ > whena<0. 



/• du _ _ Va + 6?^ __ (2 n — 3) & /* du 

* J w«V;r+6ii~' (n-l)au«-i (2n-2)aJ i^n-iv^T 

J w J uVa 



bu 
du 



Forms Involving Va'-^ — u^. 



66. i , =8in~^-' 
J Va2 - wa a 

_„ /• du 1 , M 

67. I — ; = -log . /= = 

J wVa2-Ma o a + Va2 - 



u2 
du Va2 — m2 . 



_. /• du _ Vg^ — 

oo. I ,— — 5 — 

J u2 Va2 - u2 a^w 

69. rVa2-M2du = 7 Va2 - m2 + ^, sin-i - • 
J 2 2 a 

60. rM2v^2Z^dM = g(2 w2 - a2) Va2n"^ + |. sin-i ^ 



61. I du = va2 — w2 — a log 



^„ - Va2-M2 , Va2 - u2 . u 
62. I du— s^""" a 



L I , = — - va2 — W2 + 

J Va2 - w2 2 



f du ^ u ^ 

J (g2-w2)»/2 a2V^^r^2 
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J o 8 a 



Forms Involving Vm^ ± a^. 

67. r-=c= = log (M + Vua ± a2). 

68. I — , = - sec-i - • 
J mvm2 — a2 « a 

69. I — = - log , 

J mVm2 + a2 « a + Vu2 + a^ 

70 C ^^ — ^^^ ^ ^^ 
J m2 Vu2 ± a2 ~ ^ a^ 

/• cfu Vw2 — a2 ,1 M 

J yji^u^ — a2 2a'2u^ 2a8 a 

/* du __ __ Vu2 + a2 _1_ g + Vu2 + g^ 
JwaVriMT^" 2aV^ ■*"2a8^''^ m 

73. C Vu2 ± a2 (iu = ^ Vu2 ± a2 ± |- log {u + Vm2 ± a% 

74. rw2Vw2±a2(2M = g (2m2 ± a2) Vw2 ± a2 - 1- log (m + ^/u^ ± a% 

rye /^Vw2— a2_ ^^- T ,a 

75. I du = vu2 — a2 — a cos—* - • 

J u u 

• 

^^ rVw2 + a2 / - . - . g + Vn2 + gg 

76. I du = V w2 + g2 — g log 

77. I ^i du = h log (u + Vw2 ± g2). 

J u^ u ^ ' 
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78. C f^"^ :^ ^ Vu^^"^ T ^ log (u + Vi^^±^. 



79 C — = ^^ . 



Q^ . W2(iu —u 

oU* 






C(u^±aP'Y^' 



81. I (M2±a2)3/2di4 



3a4 



= ^(2m2 ± 5a2)VM2±a2 + ^ log(M + Vw2 ± a2). 
o o 



Forms Involving V2 au — m2. 



82. I = = vers—* - • 



du , u 

.^ ^^= = vers—* - 

V 2 au — m2 « 



/* tt"'cgu _ __ uwi— iV2au — u2 (2 m — 1) g / * u*»— idu 
J V2 aw - m2 wi w* J V2 au — w2 



84. - ^^ 



^ u"'V2au — u2 

__ __ V2 au — u2 m — 1 /* d|* 

~ (2 7/1 — 1) au'« (2 m — 1) a J ^m-iV2au -u^ 



85. r V2au - u2(2u = ^^-^ V2au - u2 + ^sin-i- — ^• 
J 2 2 a 

u"»-M2au~u 2)8/2 (2m + l)a /• , rz -. 

= ^ T-z — h^ r-i- I u"»-W2au — u2du. 

m + 2 m-\-2 J 



g«jr^ /* V2 au — u2 du 
J u"» 



(2w — 3)au"« (2w — 3)aJ u"»-i 



-3 r 

-3) a J ■ 



__ _ (2au — u2)8/2 m — 3 /^ V2au — u2du 
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Forms Involving V± au^ + 6u + c, where a>0. 

88. C-F=^== = -4=log(2au + 6 + 2Va Vaw^ + 6u + c). 
J y/au^ -\-bu + c v a 

89. C y/aii^ -\-bu-\-c du 

2 au + 6 / — T-r-r — ; — If^^iac /* du 

= — Vaw^ -\-bu-\- c 3 I , 

4a ^^ J Vau^-\- 



6u + c 



*wv /* du 1 . - 2 aw — 6 

90. I , =-7=sin-^— ; - 

J V — aM2 + 5u + c V a v 6^ + 4 ac 

91. j V— au^ + 6a + c du 

2 aw — 6 / Trrz — r~ , b^-\- ^ac /* du 

= — V— au^ + bu + c-\ I , 

4a 8a J V— au^ + 6m + 

92. r ^^^ 

_ V± aiC^ + hu + c b /* du ^ 

~ ±a "^^aj V± aW^ -\-bu + c 

93. Ciiy/±au^ + bu + cdu 



da 



Forms Involving Transcendental Functions. 

94. I sm^udu = -—-8in2u. 
J 2 4 

/u 1 
cos2 M du = - + - sin 2 M. 

96. j sin2 u cos2 udu = -(u — -sin 4uV 

97. 1 sec u CSC u du = I -: = log tan u. 

J J 8\nu cos u 
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98. i sec^u csc^udu = i -r-^ r— = tanM — cotu. 

J J sin^ u cos2 u 



99. I sin"»wco8"Mdu 



I sin"»wco8"M( 

I COS" + ^ u , m ~1 f* . ^ o « ^ 
+ n f/i + nj 



sin*"— 'u COS" + * u . m — 1 



^^ sin'" + iM cos"-1m , n— 1 - . . ^ 

00. = ; 1 ; — I sin^^u cos" -2 w (2m. 

m + n m + 



/sin"» u 



Ai /^ • «. ^ — sin"'-^M c os u .m — l /• . ^ „ , 

01. I sin*"Mai4 = 1 I sm^—^ udu. 

J m m J 

/xft /* _« J sinwcos"-*^ , w — 1 /• - , 

02. I COS" uau = 1 i cos" -*udu. 

J w »i J 

^^ /*sin^ _ Rin"» + iu n — m — 2 /* sin"* k du 

I cos"M (n — l)cos"— ^M n — 1 I cos"— ^u 

cos" + ^u .w — n — 2 /*cos" ttdu 



^. /*cos"M, cos" + iM , w — n — 2 /* 

J sin"'u (7n — l)sin"»— lu m — 1 J 

AR C ^'^ — cos?t , m — 2 /* du 

I sm"»u (m — l)sin"*— ^w m — ij 8in"*--2|4 

Afi /* du sum . 7i~2 /* d?i 

J cos"w (n — l)cos" — iw n — 1 J cos"— ^^^ 



sin"»— 2 m 



07. ' - **"""'" 



/tan"— 'u /*^ . , 
tan"uau = ^ I tan»-*«att. 
n-1 J 



08. *"**"''" 



/cot* "~ ^ It /* 
cot" udi4= ^j^j I coV*—^ udu. 



09- r^rX^=^=^=tan-'(J^tan^>ifa«>6»; 
^ a + ocostt y/gt _ 62 \\a + 6 2/ 

, V6 — o tan I + VJT+o 
10. = ■- log ^ , if a^<t^. 
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1. i M"* sin udu = — u"* cos u + m I u^—^ coau 



du. 



2. i M"» cos udu = u"» sin u — m I u"»-"i cos udu. 
„ /•sin u , u8 , u^ u^ , u^ 

3- I du = U — -T—rz + 7-77 — z— rz + zr—rr • • *. 

J u 3'[3 6-|6 7-[7 .9 -[9 

. /•sinu, 1 sinu , 1 /•cosu _ 

^ u"» ?/i — 1 u"«— 1 m — 1^ u"*—i 

» /•cos u - , u2 , u* u® , u® 

6. J__d„ = log„- — + — - — + — .... 

_ /•cosu, 1 cosu 1 /•sinu, 

^ u"» m — lu"»— 1 m—lj u"»-~i 

7. j u sin-iudu = - [{2u^ — 1) sin-^u + u Vl — u^]. 

o C ^ ' 1 J M^+^sin-'u 1 /•u^ + idu 

8. I u»sin-iudu = r— r-— I , 

J n + 1 w + lj VTT^ 

^ /• , J u»» + icos-iu , 1 /•u« + idu 

9. I U»»C0S-ludu = r-; 1 —7 I —===.' 

J w + i n + 1 J vrz^ 

o/^ /* - ^ 1 J M» + itan-iu 1 /•u^+idu 

20. I u»tan-iudu = — ^ -t-t I ^ , ^ * 

^ w + l n + IJ 1 + u^ 

21. JuMog«d« = u«H..[i2pi __!__-]. 

22. I u»e^»du = I u^-^e^^du. 

23. C^du^ — L^.^^^r^au. 

24. I e«« loffudu = I — du. 



/^« 1 A e«" log u 1 /•( 
e«« logudu = I 



u 
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^«_ /• . , e"" (a sin nu — n cos nw) 
126. I e«« sm nu du = — ^ r— — ^ 



-rt_ /• , e"" (a cos nu + n sin nw) 

126. I e«" cos nu du = — ^ r-^ — ^ 

a^ + n^ 



/"■" 



Miscellaneous Forms. 



= V{a + u)(b + u) + (a - 6) log ( Va + w + V6 + m). 
To prove formula 127 let 6 + u = z^. 



129. f , ^^ = 2cot-i J^^ = 28m-i J^. 



Va2 + w" — a 



130. I — . - = — log— F== 

J MVu« + a2 an Va2 + w» + a 



131. f ^j!l_ = 



n 

du 2 , w ^ 

— sec— ^ — 
an a 
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